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ʂʚʘʥʪʦʚʘʷ ʭʠʤʠʷ 

ʅʘʩʪʦʷʱʠʡ ʢʫʨʩ ʧʦʩʚʷʱʝʥ ʠʟʫʯʝʥʠʶ ʢʚʘʥʪʦʚʦʡ ʭʠʤʠʠ ï ʪʝʦʨʝʪʠʯʝʩʢʦʤʫ ʨʘʟʜʝʣʫ 

ʭʠʤʠʠ, ʚ ʢʦʪʦʨʦʤ ʦʧʠʩʘʥʠʝ ʭʠʤʠʯʝʩʢʠʭ ʩʚʦʡʩʪʚ ʚʝʱʝʩʪʚʘ ʠ ʭʠʤʠʯʝʩʢʠʭ ʧʨʝʚʨʘʱʝʥʠʡ 

ʧʨʦʠʟʚʦʜʠʪʩʷ ʥʘ ʦʩʥʦʚʝ ʤʝʪʦʜʦʚ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ. 

 ̧ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʜʣʷ ʪʝʦʨʝʪʠʯʝʩʢʦʛʦ ʦʧʠʩʘʥʠʷ ʚʩʝ ʯʘʱʝ ʠʩʧʦʣʴʟʫʝʪʩʷ ʙʦʣʝʝ 

ʰʠʨʦʢʦʝ ʧʦʥʷʪʠʝ ï ʚʳʯʠʩʣʠʪʝʣʴʥʘʷ ʭʠʤʠʷ, ʢʫʜʘ ʦʪʥʦʩʷʪʩʷ: 

  ̧ʢʚʘʥʪʦʚʘʷ ʭʠʤʠʷ   

ʦʧʠʩʘʥʠʝ ʭʠʤʠʯʝʩʢʠʭ ʩʚʦʡʩʪʚ ʚʝʱʝʩʪʚʘ ʠ ʭʠʤʠʯʝʩʢʠʭ ʧʨʝʚʨʘʱʝʥʠʡ 

ʤʝʪʦʜʘʤʠ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ. 

 ̧ʤʦʣʝʢʫʣʷʨʥʘʷ ʜʠʥʘʤʠʢʘ ï  

ʦʧʠʩʘʥʠʝ ʩʚʦʡʩʪʚ ʚʝʱʝʩʪʚʘ ʠ ʭʠʤʠʯʝʩʢʠʭ ʧʨʝʚʨʘʱʝʥʠʡ ʧʫʪʝʤ ʨʘʩʯʝʪʘ, 

ʦʪʩʣʝʞʠʚʘʥʠʷ ʠ ʫʩʨʝʜʥʝʥʠʷ ʪʨʘʝʢʪʦʨʠʡ ʜʚʠʞʝʥʠʷ ʙʦʣʴʰʦʛʦ ʘʥʩʘʤʙʣʷ 

ʤʦʣʝʢʫʣ ʠʣʠ ʘʪʦʤʦʚ. ʊʨʘʝʢʪʦʨʠʠ  ʩʪʨʦʷʪʩʷ ʥʘ ʦʩʥʦʚʝ ʢʣʘʩʩʠʯʝʩʢʠʭ 

ʫʨʘʚʥʝʥʠʡ ʜʚʠʞʝʥʠʷ (ʟ-ʥʦʚ ʅʴʶʪʦʥʘ). 

  ̧ʤʦʜʝʣʠʨʦʚʘʥʠʝ ʤʝʪʦʜʦʤ ʄʦʥʪʝ-ʂʘʨʣʦ ï 

ʆʧʠʩʘʥʠʝ ʩʚʦʡʩʪʚ ʚʝʱʝʩʪʚʘ ʥʘ ʦʩʥʦʚʝ ʛʝʥʝʨʘʮʠʠ ʠ ʫʩʨʝʜʥʝʥʠʷ ʙʦʣʴʰʦʛʦ 

ʢʦʣʠʯʝʩʪʚʘ ʩʣʫʯʘʡʥʦ ʚʳʙʨʘʥʥʳʭ ʩʦʩʪʦʷʥʠʡ ʘʥʩʘʤʙʣʷ ʤʦʣʝʢʫʣ ʠʣʠ 

ʘʪʦʤʦʚ. 

ɺ ʚʳʯʠʩʣʠʪʝʣʴʥʫʶ ʭʠʤʠʶ ʥʝ ʚʭʦʜʷʪ (ʧʦ ʠʩʪʦʨʠʯʝʩʢʠʤ ʧʨʠʯʠʥʘʤ) ʪʘʢʠʝ 

ʪʝʦʨʝʪʠʯʝʩʢʠʝ ʨʘʟʜʝʣʳ, ʢʘʢ  

ʢʠʥʝʪʠʯʝʩʢʦʝ ʤʦʜʝʣʠʨʦʚʘʥʠʝ (ʚʭʦʜʠʪ ʚ ʭʠʤʠʯʝʩʢʫʶ ʢʠʥʝʪʠʢʫ),  

ʭʠʤʠʯʝʩʢʘʷ ʪʝʨʤʦʜʠʥʘʤʠʢʘ (ʨʘʩʩʤʘʪʨʠʚʘʝʪʩʷ ʦʪʜʝʣʴʥʦ)  

ʨʝʛʨʝʩʩʠʦʥʥʳʡ ʘʥʘʣʠʟ (QSAR, QSPRé) ï ʘʥʘʣʠʟ ʩʚʷʟʠ ʤʝʞʜʫ ʩʪʨʫʢʪʫʨʦʡ 

ʤʦʣʝʢʫʣ ʠ ʩʚʦʡʩʪʚʘʤʠ ʚʝʱʝʩʪʚʘ ʥʘ ʦʩʥʦʚʝ ʘʥʘʣʠʟʘ ʬʦʨʤʘʣʴʥʳʭ ʨʝʛʨʝʩʠʦʥʥʳʭ 

ʩʦʦʪʥʦʰʝʥʠʡ ʤʝʞʜʫ ʥʘʙʣʶʜʘʝʤʳʤʠ ʩʚʦʡʩʪʚʘʤʠ ʠ ʠʟʚʝʩʪʥʳʤʠ 

ʭʘʨʘʢʪʝʨʠʩʪʠʢʘʤʠ ʚʝʱʝʩʪʚʘ (ʩʪʨʫʢʪʫʨʘ, ʟʘʨʷʜʳ ʘʪʦʤʦʚ, ʜʦʥʦʨʥʳʝ ʯʠʩʣʘ, é) 

ʤʘʪʝʤʘʪʠʯʝʩʢʘʷ ʭʠʤʠʷ - ʥʦʚʦʝ ʥʘʧʨʘʚʣʝʥʠʝ, ʚ ʢʦʪʦʨʦʤ ʦʧʠʩʘʥʠʝ ʭʠʤ. 

ʩʪʨʫʢʪʫʨ ʧʨʦʠʟʚʦʜʠʪʩʷ ʤʝʪʦʜʘʤʠ ʜʠʩʢʨʝʪʥʦʡ ʤʘʪʝʤʘʪʠʢʠ (ʛʨʘʬʳ, ʢʦʣʴʮʘ, é). 
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ɺ ʥʘʩʪʦʷʱʝʤ ʢʫʨʩʝ ʙʫʜʝʪ ʨʘʩʩʤʦʪʨʝʥʳ ʚʩʝ ʩʦʩʪʘʚʣʷʶʱʠʝ ʚʳʯʠʩʣʠʪʝʣʴʥʦʡ ʭʠʤʠʠ, ʥʦ 

ʦʩʥʦʚʥʦʝ ʚʥʠʤʘʥʠʝ ʙʫʜʝʪ ʫʜʝʣʝʥʦ ʢʚʘʥʪʦʚʦʡ ʭʠʤʠʠ ʠ ʝʝ ʙʘʟʝ ï ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʝ. 

 

 ̧ʂʚʘʥʪʦʚʘʷ ʤʝʭʘʥʠʢʘ ï ʵʪʦ ʬʠʟʠʯʝʩʢʘʷ ʪʝʦʨʠʷ, ʦʧʠʩʳʚʘʶʱʘʷ ʜʚʠʞʝʥʠʝ ʠ 

ʩʧʝʮʠʬʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ ʤʠʢʨʦʯʘʩʪʠʮ (ʵʣʝʢʪʨʦʥʳ, ʘʪʦʤʳ, ʤʦʣʝʢʫʣʳ). ɼʚʠʞʝʥʠʝ 

ʤʠʢʨʦʯʘʩʪʠʮ ʠ ʠʭ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʷʚʣʷʝʪʩʷ ʙʘʟʦʡ ʜʣʷ ʦʧʠʩʘʥʠʷ ʭʠʤʠʯʝʩʢʠʭ ʩʚʦʡʩʪʚ. 

 

ʂʚʘʥʪʦʚʘʷ ʤʝʭʘʥʠʢʘ ʟʘʨʦʜʠʣʘʩʴ ʚ ʥʘʯʘʣʝ 20 ʚ. ʠ ʦʢʦʥʯʘʪʝʣʴʥʦ ʩʬʦʨʤʠʨʦʚʘʣʘʩʴ ʚ 20-ʝ 

ï 30ʝ ʛʛ 20 ʚʝʢʘ. ʆʥʘ ʨʘʟʚʠʚʘʣʘʩʴ ʢʘʢ ʦʪʚʝʪ ʥʘ ʚʳʟʦʚʳ ʥʦʚʳʭ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʭ 

ʬʘʢʪʦʚ, ʢʦʪʦʨʳʝ ʙʳʣʠ ʥʘʢʦʧʣʝʥʳ ʢ ʥʘʯʘʣʫ 20 ʚʝʢʘ ï ʢʘʢ ʥʝʦʙʭʦʜʠʤʦʩʪʴ ʦʙʲʷʩʥʠʪʴ 

ʩʪʨʘʥʥʦʝ ʧʦʚʝʜʝʥʠʝ ʤʠʢʨʦʯʘʩʪʠʮ, ʢʦʪʦʨʦʝ ʨʘʟʠʪʝʣʴʥʦ ʦʪʣʠʯʘʝʪʩʷ ʦʪ ʧʦʚʝʜʝʥʠʷ 

ʤʘʢʨʦʦʙʲʝʢʪʦʚ. 

 

ʂʚʘʥʪʦʚʘʷ ʭʠʤʠʷ ʬʦʨʤʠʨʦʚʘʣʘʩʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʩ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʦʡ, ʭʦʪʷ 

ʧʨʝʜʧʦʩʳʣʢʠ ʜʣʷ ʦʧʠʩʘʥʠʷ ʭʠʤʠʯʝʩʢʠʭ ʩʚʦʡʩʪʚ ʥʘ ʦʩʥʦʚʝ ʦʧʠʩʘʥʠʷ ʩʪʨʫʢʪʫʨʳ 

ʘʪʦʤʦʚ ʠ ʤʦʣʝʢʫʣ ʙʳʣʠ ʩʜʝʣʘʥʳ ʨʘʥʴʰʝ: 

1857- ʊʝʦʨʠʷ ʚʘʣʝʥʪʥʦʩʪʠ ʂʝʢʫʣʝ (ʦʜʥʘ ʠʟ ʧʝʨʚʳʭ ʪʝʦʨʠʡ, ʩʚʷʟʳʚʘʶʱʠʭ ʩʪʨʫʢʪʫʨʫ 

ʚʝʱʝʩʪʚʘ ʩ ʭʠʤʠʯʝʩʢʠʤʠ ʩʚʦʡʩʪʚʘʤʠ) 

1861 ï ʊʝʦʨʠʷ ɹʫʪʣʝʨʦʚʘ ʦ ʩʪʨʦʝʥʠʠ ʦʨʛʘʥʠʯʝʩʢʠʭ ʚʝʱʝʩʪʚ 

1874 ï ɺʘʥʪ-ɻʦʬʬ: ʤʦʣʝʢʫʣʘ ï ʧʨʦʩʪʨʘʥʩʪʚʝʥʥʘʷ ʩʪʨʫʢʪʫʨʘ ʩʦʝʜʠʥʝʥʥʳʭ ʘʪʦʤʦʚ 

1916 ï ʊʝʦʨʠʷ ʦʢʪʝʪʦʚ ʃʴʶʠʩʘ (ɻʠʣʙʝʨʪ ʅʴʶʪʦʥ ʃʴʶʠʩ, ʘʤʝʨ.) ï ʭʠʤ. ʩʚʷʟʴ 

ʦʙʨʘʟʫʝʪʩʷ ʟʘ ʩʯʝʪ ʦʙʨʘʟʦʚʘʥʠʷ ʟʘʧʦʣʥʝʥʥʳʭ ʦʢʪʝʪʦʚ ʚ ʧʘʨʘʭ ʘʪʦʤʦʚ, ʪ.ʝ. ʧʘʨʦʡ 

ʵʣʝʢʪʨʦʥʦʚ, ʘ ʥʝ ʧʦʣʦʞ ʠ ʦʪʨʠʮ ʘʪʦʤʘʭ, ʢʘʢ ʩʯʠʪʘʣʦʩʴ ʨʘʥʝʝ ï ʦʛʨʦʤʥʦʝ ʯʠʩʣʦ 

ʦʪʢʨʳʪʠʡ ʬʦʪʦʣʠʟ, ʪʷʞ ʚʦʜʘ, O4, ʪʝʦʨʠʷ ʢʠʩʣʦʪ ʠ ʦʩʥʦʚʘʥʠʡ 

ʂʘʢ ʪʦʣʴʢʦ ʙʳʣʠ ʩʬʦʨʤʫʣʠʨʦʚʘʥʳ ʦʩʥʦʚʥʳʝ ʟʘʢʦʥʳ ʂʄ, ʩʨʘʟʫ ʞʝ ʦʥʠ ʙʳʣʠ 

ʧʨʠʤʝʥʝʥʳ ʢ ʦʧʠʩʘʥʠʶ ʩʪʨʫʢʪʫʨʳ ʤʦʣʝʢʫʣ: 

1927 - ʈʘʩʯʝʪ ʤʦʣʝʢʫʣʳ ʚʦʜʦʨʦʜʘ ɻʘʡʪʣʝʨʦʤ ʠ ʃʦʥʜʦʥʦʤ ʤʝʪʦʜʦʤ ʚʘʣʝʥʪʥʳʭ ʩʚʷʟʝʡ -

1927 ʧʦʢʘʟʘʥʦ, ʯʪʦ ʩʚʷʟʴ ʦʩʫʱʝʩʪʚʣʷʝʪʩʷ ʧʘʨʦʡ ʵʣʝʢʪʨʦʥʦʚ (ʤʝʪʦʜ ʚʘʣʝʥʪʥʳʭ ʩʚʷʟʝʡ) 

1927 ï ʇʨʠʙʣʠʞʝʥʠʝ ʍʘʨʪʨʠ 

1929 ï ʄʝʪʦʜ ʄʆïʃʂɸʆ ï ʃʝʥʥʘʨʜ-ɼʞʦʥʩ (ʘʥʛʣ) 

1930 ï ʄʝʪʦʜ ʍʘʨʪʨʠ-ʌʦʢʘ (ʉʣʝʡʪʝʨ ʠ ʌʦʢ) 
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1951 ï ʋʨʘʚʥʝʥʠʷ ʈʫʪʘʥʘ ʠ ʤʝʪʦʜ ʈʫʪʘʥʘ-ʍʘʣʣʘ 

1961 ï ʊʝʦʨʝʤʘ ʍʦʵʥʙʝʨʛʘ-ʂʦʥʘ ï ʦʩʥʦʚʘ ʪʝʦʨʠʠ ʬʫʥʢʮʠʦʥʘʣʘ ʧʣʦʪʥʦʩʪʠ 

1950-1960ʝ ï ʩʦʟʜʘʥʠʝ ʧʝʨʚʳʭ ʦʙʱʝʜʦʩʪʫʧʥʳʭ ʂɺʍ ʧʨʦʛʨʘʤʤ (ʧʦʣʫʵʤʧʠʨʠʯʝʩʢʠʝ 

ʤʝʪʦʜʳ) 

1970ʝ  ï ʇʦʷʚʣʝʥʠʝ ʦʙʱʝʜʦʩʪʳʧʥʳʭ ʕɺʄ, ʪʝʦʨʠʷ ʬʫʥʢʮʠʦʥʘʣʘ ʧʣʦʪʥʦʩʪʠ 

ʨʘʟʚʠʚʘʝʪʩʷ ʜʦ ʫʨʦʚʥʷ ʧʨʘʢʪʠʯʝʩʢʦʛʦ ʤʝʪʦʜʘ ʨʘʩʯʝʪʘ ʩʚʡʦʩʪʚ ʤʦʣʝʢʫʣ 

1980 - ʧʨʦʛʨʘʤʤʳ ɻʘʫʩʩʠʘʥ, ɻʘʤʝʩʩ é 

ʉ ʧʦʷʚʣʝʥʠʝʤ ʚʳʩʦʢʦʧʨʦʠʟʚʦʜʠʪʝʣʴʥʳʭ ʕɺʄ ʢʚʘʥʪʦʚʘʷ ʭʠʤʠʷ ʥʘʯʠʥʘʝʪ 

ʩʪʘʥʦʚʠʪʩʷ ʚʳʯʠʩʣʠʪʝʣʴʥʦʡ: 

1957 ï ʧʝʨʚʘʷ ʨʘʙʦʪʘ ʧʦ ʄɼ ʤʦʜʝʣʠʨʦʚʘʥʠʶ ʎʝʣʴʶ ʨʘʙʦʪʳ ʙʳʣʦ ʠʩʩʣʝʜʦʚʘʪʴ 

ʬʘʟʦʚʫʶ ʜʠʘʛʨʘʤʤʫ ʩʠʩʪʝʤʳ ʪʚʝʨʜʳʭ ʩʬʝʨ ʠ ʚ ʯʘʩʪʥʦʩʪʠ ʦʙʣʘʩʪʠ ʪʚʝʨʜʦʛʦ ʪʝʣʘ ʠ 

ʞʠʜʢʦʩʪʠ. ɺ ʩʠʩʪʝʤʝ ʪʚʝʨʜʳʭ ʩʬʝʨ ʯʘʩʪʠʮʳ ʚʟʘʠʤʦʜʝʡʩʪʚʫʶʪ ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦ ʧʨʠ 

ʩʪʦʣʢʥʦʚʝʥʠʠ ʠ ʜʚʠʛʘʶʪʩʷ, ʢʘʢ ʩʚʦʙʦʜʥʳʝ ʯʘʩʪʠʮʳ ʤʝʞʜʫ ʩʦʫʜʘʨʝʥʠʷʤʠ.  

1960 - ʧʝʨʚʘʷ ʨʘʙʦʪʘ ʧʦ ʄɼ ʤʦʜʝʣʠʨʦʚʘʥʠʶ ʩ ʥʝʧʨʝʨʳʚʥʳʤ ʧʦʪʝʥʮʠʘʣʦʤ. ɺ 

ʨʘʙʦʪʝ ʜʣʷ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʠʩʧʦʣʴʟʦʚʘʣʩʷ ʤʝʪʦʜ ʢʦʥʝʯʥʳʭ ʨʘʟʥʦʩʪʝʡ.  ɺʳʯʠʩʣʝʥʠʷ 

ʧʨʦʚʦʜʠʣʠʩʴ ʥʘ IBM 704 ʠ ʦʜʠʥ ʰʘʛ ʟʘʥʠʤʘʣ ʦʢʦʣʦ ʤʠʥʫʪʳ. ɺ ʩʪʘʪʴʝ 

ʨʘʩʩʤʘʪʨʠʚʘʣʦʩʴ ʦʙʨʘʟʦʚʘʥʠʝ ʜʝʬʝʢʪʦʚ ʤʝʜʠ,  ʚʳʟʚʘʥʥʳʭ ʨʘʜʠʘʮʠʦʥʥʳʤ 

ʧʦʚʨʝʞʜʝʥʠʝʤ.  

1967 ï ɺʝʨʣʝ (Loup Verlet) ʚʳʯʠʩʣʠʣ ʬʘʟʦʚʫʶ ʜʠʘʛʨʘʤʤʫ ʘʨʛʦʥʘ, ʠʩʧʦʣʴʟʫʷ  

ʧʦʪʝʥʮʠʘʣ ʃʝʥʥʘʨʜʘ-ɼʞʦʥʩʘ ʠ ʩʤʦʜʝʣʠʨʦʚʘʣ ʢʦʨʨʝʣʷʮʠʦʥʥʳʝ ʬʫʥʢʮʠʠ, ʯʪʦʙʳ 

ʧʨʦʚʝʨʠʪʴ ʪʝʦʨʠʶ ʞʠʜʢʦʛʦ ʩʦʩʪʦʷʥʠʷ. ɺ ʩʚʦʝʡ ʨʘʙʦʪʝ ʦʥ ʨʘʟʨʘʙʦʪʘʣ ʧʨʦʮʝʜʫʨʫ 

ʩʦʭʨʘʥʝʥʠʷ ʚʳʯʠʩʣʠʪʝʣʴʥʳʭ ʨʝʩʫʨʩʦʚ (Verlet neighbor list), ʘ ʪʘʢʞʝ ʧʨʝʜʣʦʞʠʣ ʥʦʚʳʡ 

ʤʝʪʦʜ ʯʠʩʣʝʥʥʦʛʦ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ ʫʨʘʚʥʝʥʠʡ ʜʚʠʞʝʥʠʷ (ʩʢʦʨʦʩʪʥʦʡ ʘʣʛʦʨʠʪʤ 

ɺʝʨʣʝ). ʕʪʦ 90% ʪʦʛʦ, ʯʪʦ ʷʚʣʷʝʪʩʷ ʙʘʟʦʡ ʩʦʚʨʝʤʝʥʥʦʡ ʄɼ. 

ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʄɼ ʜʦ 1 ʤʣʨʜ ʘʪʦʤʦʚ, ʚʨʝʤʷ ʜʦ 1 ʤʠʢʨʦʩʝʢʫʥʜʳ. ɹʠʦʤʦʣʝʢʫʣʳ. 

ʉʫʧʝʨʢʦʤʧʴʶʪʝʨʳ. 

ʄʝʪʦʜ ʄʦʥʪʝ-ʂʘʨʣʦ: 

ʀʟʥʘʯʘʣʴʥʦ ï ʤʘʪʝʤʘʪʠʯʝʩʢʠʡ ʤʝʪʦʜ ʠʥʪʝʛʨʠʨʦʚʘʥʠʷ 

ɺ 1940ʯ ï ʠʥʪʝʛʨʠʨʦʚʘʥʠʝ ʪʝʨʤʦʜʠʥʘʤʠʯʝʩʢʠʭ ʚʝʣʠʯʠʥ ï ʥʘʯʘʣʦ ʧʨʠʤʝʥʝʥʠʷ ʢ 

ʦʧʠʩʘʥʠʶ ʊɼ ʘʥʩʘʤʙʣʝʡ 

1949 ï ʉʪʘʪʴʷ ʄʝʪʨʦʧʦʣʠʩʘ ʠ ʋʣʴʨʠʭʘ çʄʝʪʦʜ ʄʦʥʪʝ-ʂʘʨʣʦè 

1953  - ʘʣʛʦʨʠʪʤ ʄʝʪʨʦʧʦʣʠʩʘ ï ʧʨʦʨʳʚ ʚ ʧʨʦʠʟʚʦʜʠʪʝʣʴʥʦʩʪʠ. 
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1990ʝ ï ʢʚʘʥʪʦʚʳʡ ʤʝʪʦʜ ʄʂ 

 

ʉʦʚʨʝʤʝʥʥʦʝ ʩʦʩʪʦʷʥʠʝ: 

ʄʝʪʦʜʘʤʠ ʂɺʍ ʜʦʩʪʠʞʠʤʘ ʪʦʯʥʦʩʪʴ: 

¶ ʈʘʩʯʝʪ ʩʪʨʫʢʪʫʨʳ ʧʨʦʩʪʳʭ ʤʦʣʝʢʫʣ (ʜʦ 10 ʘʪʦʤʦʚ) ï ʧʨʝʚʳʰʘʝʪ ʪʦʯʥʦʩʪʴ 

ʵʢʩʧʝʨʠʤʝʥʪʘ 

¶ ʈʘʩʯʝʪ ʩʪʨʫʢʪʫʨʳ ʩʨʝʜʥʠʭ (10-100) ï ʩʨʘʚʥʠʤʘ ʩ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʡ ï 0.001-

0.01 ɸ 

¶ ʊɼ ʧʘʨʘʤʝʪʨʳ: 

~ 1 ʢɼʞ/ʤʦʣʴ ʜʣʷ ʊɼ ʚʝʣʠʯʠʥ ʤʦʣʝʢʫʣ ʨʘʟʤʝʨʦʤ ʜʦ 20 ʘʪʦʤʦʚ 

~1-5 ʢʢʘʣ/ʤʦʣʴ ï 100 ʘʪʦʤʦʚ 

ʅʘ ʦʙʳʯʥʦʤ ʇʂ ʚʧʦʣʥʝ ʨʝʘʣʴʥʦ ʧʨʦʚʦʜʠʪʴ ʨʘʩʯʝʪ ʤʦʣʝʢʫʣ ʜʦ 100 ʘʪʦʤʦʚ ʠ ʚʳʰʝ: 

(H2O)72ĿCH3OOH 

ɺʦʟʤʦʞʥʦ ʤʦʜʝʣʠʨʦʚʘʥʠʝ ʩʧʝʢʪʨʦʚ, ʤʘʛʥʠʪʥʦ-ʨʝʟʦʥʘʥʩʥʳʭ ʧʘʨʘʤʝʪʨʦʚ, 

ʢʠʥʝʪʠʯʝʩʢʠʭ ʢʦʥʩʪʘʥʪ. 

ʉʫʧʝʨʢʦʤʧʴʶʪʝʨʳ:  ʙʠʦʤʦʣʝʢʫʣʳ, + ʩʦʣʴʚʘʪʥʦʝ ʦʢʨʫʞʝʥʠʝ (35000 ʤʦʣʝʢʫʣ ʚʦʜʳ ʚ 

2003 ʛ). ʄɼ ï ʤʦʜʝʣʠ ʬʦʪʦʩʠʥʪʝʟʘ, ʬʝʨʤʝʥʪʦʚ, ʙʠʦʩʪʨʫʢʪʫʨ. 

ʆʙʣʘʩʪʴ ʥʘʠʙʦʣʝʝ ʵʬʬʝʢʪʠʚʥʦʡ ʨʘʙʦʪʳ ï ʪʘʤ, ʛʜʝ ʵʢʩʧʝʨʠʤʝʥʪ ʥʝʚʦʟʤʦʞʥʦ ʧʨʦʚʝʩʪʠ 

ï ʙʳʩʪʨʳʝ ʧʨʦʮʝʩʩʳ, ʪʦʥʢʠʝ ʤʝʭʘʥʠʟʤʳ, ʧʨʦʮʝʩʩʳ, ʢʦʪʦʨʳʝ ʥʝʚʦʟʤʦʞʥʦ ʠʟʤʝʨʠʪʴ. 

 

ʂʚʘʥʪʦʚʘʷ ʤʝʭʘʥʠʢʘ ï ʦʩʥʦʚʘ ʢʚʘʥʪʦʚʦʡ ʭʠʤʠʠ 

 ̧ ʂʚʘʥʪʦʚʘʷ ʤʝʭʘʥʠʢʘ ï ʵʪʦ ʬʠʟʠʯʝʩʢʘʷ ʪʝʦʨʠʷ, ʦʧʠʩʳʚʘʶʱʘʷ ʜʚʠʞʝʥʠʝ ʠ 

ʩʧʝʮʠʬʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ ʤʠʢʨʦʯʘʩʪʠʮ (ʵʣʝʢʪʨʦʥʳ, ʘʪʦʤʳ, ʤʦʣʝʢʫʣʳ). ɼʚʠʞʝʥʠʝ 

ʤʠʢʨʦʯʘʩʪʠʮ ʠ ʠʭ ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ ʷʚʣʷʝʪʩʷ ʙʘʟʦʡ ʜʣʷ ʦʧʠʩʘʥʠʷ ʭʠʤʠʯʝʩʢʠʭ ʩʚʦʡʩʪʚ. 
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ʌʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʠʝ ʦʩʥʦʚʳ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ  

ɺ ʥʘʯʘʣʝ 20 ʚ. ʬʠʟʠʢʘ ʥʘʢʦʧʠʣʘ ʙʦʣʴʰʦʝ ʢʦʣʠʯʝʩʪʚʦ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʛʦ ʤʘʪʝʨʠʘʣʘ, 

ʯʪʦ ʧʨʠʚʝʣʦ ʢ ʦʩʦʟʥʘʥʠʶ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʥʝʩʢʦʣʴʢʠʭ ʩʝʨʴʝʟʥʳʭ ʥʘʫʯʥʳʭ ʧʨʦʙʣʝʤ: 

¶ - ʜʠʩʢʨʝʪʥʦʩʪʠ ʩʦʩʪʦʷʥʠʡ ʵʣʝʢʪʨʦʥʘ ʚ ʘʪʦʤʝ ʥʝ ʩʦʛʣʘʩʦʚʘʣʦʩʴ ʩ ʢʣʘʩʩʠʯʝʩʢʦʡ 

ʕɼ 

¶ - ʧʨʦʷʚʣʝʥʠʝ ʩʚʝʪʦʤ ʢʦʨʧʫʩʢʫʣʷʨʥʳʭ ʩʚʦʡʩʪʚ, ʢʦʪʦʨʳʝ ʥʝ ʫʢʣʘʜʳʚʘʶʪʩʷ ʚ 

ʚʦʣʥʦʚʫʶ ʪʝʦʨʠʶ 

¶ - ʤʠʢʨʦʯʘʩʪʠʮʳ ʧʨʦʷʚʣʷʶʪ ʚʦʣʥʦʚʳʝ ʩʚʦʡʩʪʚʘ, ʢʦʪʦʨʳʝ ʥʝʚʦʟʤʦʞʥʦ ʦʧʠʩʘʪʴ 

ʤʝʪʦʜʘʤʠ ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʠ (ʪʨʘʝʢʪʦʨʠʷʤʠ ʪʦʯʝʢ) 

ɺʥʘʯʘʣʝ ʢʘʟʘʣʦʩʴ, ʯʪʦ ʵʪʦ ï ʥʝ ʩʚʷʟʘʥʥʳʝ ʤʝʞʜʫ ʩʦʙʦʡ ʚʦʧʨʦʩʳ. ʆʜʥʘʢʦ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʝ ʨʝʰʝʥʠʝ ʵʪʠʭ ʚʦʧʨʦʩʦʚ ʧʦʪʨʝʙʦʚʘʣʦ ʧʝʨʝʩʤʦʪʨʝʪʴ ʢʣʘʩʩʠʯʝʩʢʠʝ 

ʩʧʦʩʦʙʳ ʦʧʠʩʘʥʠʷ ʜʚʠʞʝʥʠʷ ʤʠʢʨʦʯʘʩʪʠʮ ʠ ʩʬʦʨʤʫʣʠʨʦʚʘʪʴ ʬʠʟʠʯʝʩʢʫʶ ʪʝʦʨʠʶ, 

ʢʦʪʦʨʘʷ ʙʳ ʦʧʠʩʳʚʘʣʘ ʝʛʦ ʩ ʫʯʝʪʦʤ ʚʩʝʛʦ ʥʘʙʣʶʜʘʝʤʦʛʦ ʤʘʪʝʨʠʘʣʘ. 

 

ʈʘʩʩʤʦʪʨʠʤ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʝ ʬʘʢʪʳ, ʧʨʠʚʦʜʷʱʠʝ ʢ ʦʧʠʩʘʥʥʳʤ ʚʳʰʝ ʧʨʦʙʣʝʤʘʤ: 

1. ʀʩʩʣʝʜʦʚʘʥʠʷ ʘʪʦʤʥʳʭ ʩʧʝʢʪʨʦʚ, ʩʪʨʫʢʪʫʨʳ ʘʪʦʤʦʚ,  ʦʪʢʨʳʪʠʝ 

ʜʠʩʢʨʝʪʥʦʩʪʠ ʘʪʦʤʥʳʭ ʩʦʩʪʦʷʥʠʡ 

ʂʦʥʝʮ 19 ʚ ï ʩʧʝʢʪʨʘʣʴʥʳʝ ʠʩʩʣʝʜʦʚʘʥʠʷ, ʠʩʩʣʝʜʦʚʘʥʠʷ ʚ ʦʙʣʘʩʪʠ ʛʘʟʦʚʦʛʦ ʨʘʟʨʷʜʘ, 

ʨʝʥʪʛʝʥʦʚʩʢʠʭ ʣʫʯʝʡ, ʵʣʝʢʪʨʦʜʠʥʘʤʠʢʠ, ʕʄɺ 

1885 ʩʝʨʠʷ ɹʘʣʴʤʝʨʘ (n2=2) ï ʚʠʜʠʤʳʡ ʜʠʘʧʘʟʦʥ: 

 

ɺʠʜʠʤʳʝ ʣʠʥʠʠ ʠʟʣʫʯʝʥʠʷ ʚʦʜʦʨʦʜʘ ʚ ʩʝʨʠʠ ɹʘʣʴʤʝʨʘ. HŬ ð ʢʨʘʩʥʘʷ ʣʠʥʠʷ 

ʩʧʨʘʚʘ, ʠʤʝʶʱʘʷ ʜʣʠʥʫ ʚʦʣʥʳ 656,3 ʥʤ. 

ʉʘʤʘʷ ʣʝʚʘʷ ʣʠʥʠʷ ð HŮ, ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʠʟʣʫʯʝʥʠʶ ʫʞʝ ʚ ʫʣʴʪʨʘʬʠʦʣʝʪʦʚʦʡ 

ʦʙʣʘʩʪʠ ʩʧʝʢʪʨʘ ʥʘ ʜʣʠʥʝ ʚʦʣʥʳ 397,0 ʥʤ. 

(ʉʝʨʠʷ ʃʘʡʤʘʥʘ ʋʌ - 1906 (n2=1), ʉʝʨʠʷ ʇʘʰʝʥʘ ï ʀʂ (n2=3) 1908) 

1888 - ʌʦʨʤʫʣʘ ʈʠʜʙʝʨʛʘ ʜʣʷ ʩʧʝʢʪʨʘ ʘʪʦʤʘ ʚʦʜʦʨʦʜʘ 

2 2

2 1

1 1 1
HR

n nl

å õ
= -æ ö

ç ÷
,  (ʜʣʷ ʚʦʜʦʨʦʜʘ), RH = 109677 ʩʤ

-1
 

http://ru.wikipedia.org/wiki/%D0%A1%D0%BF%D0%B5%D0%BA%D1%82%D1%80%D0%B0%D0%BB%D1%8C%D0%BD%D1%8B%D0%B5_%D1%81%D0%B5%D1%80%D0%B8%D0%B8_%D0%B2%D0%BE%D0%B4%D0%BE%D1%80%D0%BE%D0%B4%D0%B0
http://ru.wikipedia.org/wiki/%D0%A3%D0%BB%D1%8C%D1%82%D1%80%D0%B0%D1%84%D0%B8%D0%BE%D0%BB%D0%B5%D1%82
http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Visible_spectrum_of_hydrogen.jpg
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1 1 1
RZ

n nl

å õ
= -æ ö

ç ÷
 (ʜʣʷ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ ʘʪʦʤʦʚ ʠ ʠʦʥʦʚ), R=109737 ʩʤ

-1 

4 2
15

, 3

9 2 2

3.290 10
4

( 8.988 10 / )

H ʉʀ

me k
R ɻʮ

k H ʤ ʂʣ ʧʦʩʪʦʷʥʥʘʷ ʂʫʣʦʥʘ

p
= = Ö

= Ö  Ö -   
 

1897 ʛ. ʊʦʤʩʦʥ ʦʪʢʨʳʣ ʵʣʝʢʪʨʦʥ  

(ʦʥ ʦʪʢʣʦʥʷʣ ʢʘʪʦʜʥʳʝ ʣʫʯʠ ʚ ʵʣʝʢʪʨʠʯʝʩʢʠʭ ʠ ʤʘʛʥʠʪʥʳʭ ʧʦʣʷʭ, ʨʝʛʠʩʪʨʠʨʫʷ 

ʠʭ ʩʢʦʨʦʩʪʴ. ʇʦʣʫʯʠʣ ʩʚʷʟʴ ʤʘʩʩʳ ʠ ʟʘʨʷʜʘ, ʜʦʢʘʟʘʣ, ʯʪʦ ʩʢʦʨʦʩʪʴ ʤʝʥʴʰʝ 

ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ. ɼʦʢʘʟʘʣ, ʯʪʦ ʦʥʠ ʚʭʦʜʷʪ ʚ ʩʦʩʪʘʚ ʚʝʱʝʩʪʚʘ ʠ ʥʝ ʟʘʚʠʩʷʪ ʦʪ ʥʝʛʦ) 

 

1900 - ɹʝʢʢʝʨʝʣʴ ï ʝʩʪʝʩʪʚʝʥʥʘʷ ʨʘʜʠʦʘʢʪʠʚʥʦʩʪʴ (ʘʣʴʬʘ, ʙʝʪʘ, ʛʘʤʤʘ ʣʫʯʠ), ʜʦʢʘʟʘʣ, 

ʯʪʦ ʙʝʪʘ-ʣʫʯʠ  ï ʵʣʝʢʪʨʦʥʳ. 

1911 - ʆʧʳʪ ʈʝʟʝʨʬʦʨʜʘ ï ʧʣʘʥʝʪʘʨʥʘʷ ʤʦʜʝʣʴ ʘʪʦʤʘ 
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ʇʦʧʳʪʢʠ ʦʧʠʩʘʥʠʷ ʜʚʠʞʝʥʠʷ ʵʣʝʢʪʨʦʥʦʚ ʚ ʧʣʘʥʝʪʘʨʥʦʡ ʤʦʜʝʣʠ ʩʪʦʣʢʥʫʣʠʩʴ ʩ 

ʧʨʦʙʣʝʤʦʡ:  

1. ʥʝʫʩʪʦʡʯʠʚʦʩʪʴ ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʦʜʝʣʠ ï ʵʣʝʢʪʨʦʥ, ʜʚʠʛʘʷʩʴ ʧʦ ʢʨʫʛʦʚʳʤ 

ʦʨʙʠʪʘʤ, ʜʦʣʞʝʥ ʥʝʧʨʝʨʳʚʥʦ ʠʟʣʫʯʘʪʴ ʕʄɺ ʠ ʪʝʨʷʪʴ ʵʥʝʨʛʠʶ. ɺʩʣʝʜʩʪʚʠʝ 

ʧʦʪʝʨʠ ʵʥʝʨʛʠʠ ʵʣʝʢʪʨʦʥ ʜʦʣʞʝʥ ʧʘʜʘʪʴ ʥʘ ʷʜʨʦ ʟʘ ʦʯʝʥʴ ʢʦʨʦʪʢʦʝ ʚʨʝʤʷ. 

2. ʅʝʚʦʟʤʦʞʥʦ ʦʙʲʷʩʥʠʪʴ, ʧʦʯʝʤʫ ʵʥʝʨʛʠʷ ʵʣʝʢʪʨʦʥʘ ʜʦʣʞʥʘ ʧʨʠʥʠʤʘʪʴ 

ʪʦʣʴʢʦ  ʜʠʩʢʨʝʪʥʳʝ ʟʥʘʯʝʥʠʷ 

 

 

ʆʧʳʪ ʐʪʝʨʥʘ-ɻʝʨʣʘʭʘ (ʩʧʠʥ ʘʪʦʤʦʚ, ʟʘʪʝʤ ʩʧʠʥ ʵʣʝʢʪʨʦʥʦʚ). ɺ 1922 ʛ. ʙʳʣ 

ʧʨʦʚʝʜʝʥ ʵʢʩʧʝʨʠʤʝʥʪ, ʢʦʪʦʨʳʡ ʧʦʢʘʟʘʣ, ʯʪʦ ʫ ʘʪʦʤʦʚ (ʠ ʵʣʝʢʪʨʦʥʦʚ) ʩʫʱʝʩʪʚʫʝʪ 

ʩʚʦʡ ʩʦʙʩʪʚʝʥʥʳʡ ʤʘʛʥʠʪʥʳʡ ʤʦʤʝʥʪ, ʧʨʠʯʝʤ ʝʛʦ ʧʨʦʝʢʮʠʷ ʥʘ ʥʘʧʨʘʚʣʝʥʠʝ ʚʥʝʰʥʝʛʦ 

ʤʘʛʥʠʪʥʦʛʦ ʧʦʣʷ ʧʨʠʥʠʤʘʝʪ ʪʦʣʴʢʦ ʬʠʢʩʠʨʦʚʘʥʥʳʝ ʜʠʩʢʨʝʪʥʳʝ ʟʥʘʯʝʥʠʷ: 

 

ʕʣʝʢʪʨʦʥ ʠʤʝʝʪ ʩʦʙʩʪʚʝʥʥʳʡ ʤʦʤʝʥʪ ʠʤʧʫʣʴʩʘ, ʠʟ-ʟʘ ʢʦʪʦʨʦʛʦ ʚʦʟʥʠʢʘʝʪ 

ʤʘʛʥʠʪʥʳʡ ʤʦʤʝʥʪ. ʅʦ ʝʛʦ ʥʝʣʴʟʷ ʦʧʠʩʘʪʴ ʢʘʢ ʚʨʘʱʘʶʱʠʡʩʷ ʟʘʨʷʞʝʥʥʳʡ 

ʰʘʨʠʢ ï ʯʪʦʙʳ ʩʦʟʜʘʪʴ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦ ʥʘʙʣʶʜʘʝʤʳʡ ʤʘʛʥʠʪʥʳʡ ʤʦʤʝʥʪ 

ʵʣʝʢʪʨʦʥ ʜʦʣʞʝʥ ʚʨʘʱʘʪʴʩʷ ʙʳʩʪʨʝʝ ʩʢʦʨʦʩʪʠ ʩʚʝʪʘ. 

 

ʉʦʚʦʢʫʧʥʦʩʪʴ ʵʪʠʭ ʜʘʥʥʳʭ ʪʨʝʙʫʝʪ ʦʪʚʝʪʘ ʥʘ ʚʦʧʨʦʩʳ: 

http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Stern-Gerlach_experiment.PNG
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¶ ʢʘʢʠʤ ʦʙʨʘʟʦʤ ʵʣʝʢʪʨʦʥ ʜʚʠʞʝʪʩʷ ʚ ʘʪʦʤʝ ʙʝʟ ʠʟʣʫʯʝʥʠʷ 

¶ ʯʝʤ ʦʙʫʩʣʦʚʣʝʥʘ ʜʠʩʢʨʝʪʥʘʷ ʩʪʨʫʢʪʫʨʘ ʘʪʦʤʥʳʭ ʩʧʝʢʪʨʦʚ 

¶ ʯʝʤ ʦʙʲʷʩʥʷʝʪʩʷ ʥʘʣʠʯʠʝ ʩʧʠʥʘ ʵʣʝʢʪʨʦʥʘ ʠ ʘʪʦʤʦʚ 

 

 

 

2. ʆʪʢʨʳʪʠʝ ʢʦʨʧʫʩʢʫʣʷʨʥʳʭ ʩʚʦʡʩʪʚ ʩʚʝʪʘ 

ʂʦʥʝʮ 19 ʚ.  ï ʧʦʧʳʪʢʠ ʦʧʠʩʘʪʴ ʪʝʧʣʦʚʦʝ ʠʟʣʫʯʝʥʠʝ ɸʏʊ ʧʦ ʚʦʣʥʦʚʦʡ ʪʝʦʨʠʠ ʩʚʝʪʘ, 

ʟʘʢʦʥ ʈʵʣʝʷ-ɼʞʠʥʩʘ ʠ ʫʣʴʪʨʘʬʠʦʣʝʪʦʚʘʷ ʢʘʪʘʩʪʨʦʬʘ 

1900 ï ʇʣʘʥʢ ʚʳʜʚʠʛʘʝʪ ʧʨʝʜʧʦʣʦʞʝʥʠʝ, ʯʪʦ ʩʚʝʪ ʠʟʣʫʯʘʝʪʩʷ ʠ ʧʦʛʣʦʱʘʝʪʩʷ 

ʧʦʨʮʠʷʤʠ (ʚʚʝʜʝʥ ʪʝʨʤʠʥ ʢʚʘʥʪ): 

ʀʟʣʫʯʝʥʠʝ ɸʏʊ ʤʦʞʥʦ ʦʙʲʷʩʥʠʪʴ, ʝʩʣʠ ʧʨʝʜʧʦʣʦʞʠʪʴ, ʯʪʦ ʵʣʝʢʪʨʦʤʘʛʥʠʪʥʦʝ 

ʠʟʣʫʯʝʥʠʝ ʠʩʧʫʩʢʘʝʪ ʧʦʨʮʠʷʤʠ (ʢʚʘʥʪʘʤʠ), ʵʥʝʨʛʠʷ ʢʦʪʦʨʳʭ ʟʘʚʠʩʠʪ ʦʪ 

ʯʘʩʪʦʪʳ: 

 hve=  - ʬʦʨʤʫʣʘ ʇʣʘʥʢʘ ʜʣʷ ʵʥʝʨʛʠʠ ʢʚʘʥʪʘ. 

 346.62606957 10h ɼʞ ʩ-= Ö Ö - ʧʦʩʪʦʷʥʥʘʷ ʇʣʘʥʢʘ 

 e w=  - ʜʨʫʛʘʷ ʟʘʧʠʩʴ, 2w pn=  

 341.054571726 10
2

h
ɼʞ ʩ

p

-= = Ö Ö - ʧʨʠʚʝʜʝʥʥʘʷ ʧʦʩʪʦʷʥʥʘʷ ʇʣʘʥʢʘ 

ʂʦʥʝʮ 19 ʚ. - 1888-1890 ï ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʝ ʨʘʙʦʪʳ ʉʪʦʣʝʪʦʚʘ ʧʦ ʬʦʪʦʵʬʬʝʢʪʫ 

1905 -  ʢʚʘʥʪʦʚʘʷ ʪʝʦʨʠʷ ʬʦʪʦʵʬʬʝʢʪʘ ʕʡʥʰʪʝʡʥʘ  

ʕʡʥʰʪʝʡʥ ʦʙʲʷʩʥʷʝʪ ʟʘʢʦʥʳ ʉʪʦʣʝʪʦʚʘ ʥʘ ʦʩʥʦʚʝ ʧʨʝʜʩʪʘʚʣʝʥʠʷ ʦ ʢʚʘʥʪʘʭ ʠ 

ʬʦʨʤʫʣʳ ʇʣʘʥʢʘ : 

2

2
ʚʳʭ

mv
h An= +  - ʬʦʨʤʫʣʘ ʕʡʥʰʪʝʡʥʘ: ʵʥʝʨʛʠʷ ʬʦʪʦʥʘ ʨʘʩʭʦʜʫʝʪʩʷ ʥʘ 

ʧʨʝʦʜʦʣʝʥʠʝ ʨʘʙʦʪʳ ʚʳʭʦʜʘ ʠ ʩʦʦʙʱʝʥʠʶ ʵʣʝʢʪʨʦʥʫ ʢʠʥʝʪʠʯʝʩʢʦʡ ʵʥʝʨʛʠʠ. 
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1915-1916 ï ʕʡʥʰʪʝʡʥ: ʢʚʘʥʪʦʚʘʷ ʪʝʦʨʠʷ ʩʚʝʪʘ ï ʩʚʝʪ ʥʝ ʧʨʦʩʪʦ ʠʟʣʫʯʘʝʪʩʷ 

ʢʚʘʥʪʘʤʠ, ʥʦ ʠ ʨʘʩʧʨʦʩʪʨʘʥʷʝʪʩʷ ʚ ʚʠʜʝ ʯʘʩʪʠʮ - ʬʦʪʦʥʦʚ 

ʆʧʳʪ ɹʦʪʝ ï ʥʝʧʦʩʨʝʜʩʪʚʝʥʥʦʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʬʦʪʦʥʦʚ 

 

1923 - ʕʬʬʝʢʪ ʂʦʤʧʪʦʥʘ : ʨʝʥʪʛʝʥʦʚʩʢʦʝ ʠʟʣʫʯʝʥʠʝ (Ka-ʤʦʣʠʙʜʝʥʘ) ʨʘʩʩʝʠʚʘʝʪʩʷ 

ʚʝʱʝʩʪʚʦʤ, ʙʦʛʘʪʳʤ ʩʣʘʙʦʩʚʷʟʘʥʥʳʤʠ ʵʣʝʢʪʨʦʥʘʤʠ  (ʛʨʘʬʠʪ) ʪʘʢ, ʯʪʦ ʨʘʩʩʝʷʥʥʳʡ 

ʧʦʪʦʢ ʠʤʝʝʪ ʜʨʫʛʫʶ ʜʣʠʥʫ, ʟʘʚʠʩʷʱʫʶ ʦʪ ʫʛʣʘ ʨʘʩʩʝʷʥʠʷ. 

   

(1 cos )Cl l qD = -  Cl- ʢʦʤʧʪʦʥʦʚʩʢʘʷ ʜʣʠʥʘ ʚʦʣʥʳ 

ʆʙʲʷʩʥʝʥʠʝ: ʉʚʝʪ ʨʘʩʩʝʠʚʘʝʪʩʷ ʥʘ ʵʣʝʢʪʨʦʥʘʭ  ʪʘʢ, ʢʘʢ ʝʩʣʠ ʙʳ ʩʪʘʣʢʠʚʘʣʠʩʴ ʜʚʘ 

ʤʘʣʝʥʴʢʠʭ ʰʘʨʠʢʘ, ʢʘʞʜʳʡ ʠʟ ʢʦʪʦʨʳʭ ʦʙʣʘʜʘʝʪ ʠʤʧʫʣʴʩʦʤ. ʀʤʧʫʣʴʩʳ ʬʦʪʦʥʘ ʠ 

ʵʣʝʢʪʨʦʥʘ ʠʟʤʝʥʷʶʪʩʷ  ʧʨʠ ʩʦʭʨʘʥʝʥʠʠ ʧʦʣʥʦʛʦ ʠʤʧʫʣʴʩʘ. 

 

 

 

 

http://upload.wikimedia.org/wikipedia/commons/e/e3/Compton-scattering.svg
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(1 cos )
h

mc
l qD = - ,  

C

h

mc
l=  

ʀʟʤʝʥʝʥʠʝ ʜʣʠʥʳ ʚʦʣʥʳ ʤʦʞʥʦ ʦʙʲʷʩʥʠʪʴ, ʝʩʣʠ ʩʯʠʪʘʪʴ, ʯʪʦ ʠʤʧʫʣʴʩ ʬʦʪʦʥʘ ʩʚʷʟʘʥ 

ʩ ʜʣʠʥʦʡ ʚʦʣʥʳ. ʕʪʫ ʩʚʷʟʴ ʤʦʞʥʦ ʥʘʡʪʠ, ʩʨʘʚʥʠʚʘʷ ʵʥʝʨʛʠʶ ʇʣʘʥʢʘ hve= ʠ 

ʢʠʥʝʪʠʯʝʩʢʫʶ ʵʥʝʨʛʠʶ ʬʦʪʦʥʘ. ʀʟ ʉʊʆ ʩʣʝʜʫʝʪ, ʯʪʦ ʵʥʝʨʛʠʷ ʨʝʣʷʪʠʚʠʩʪʩʢʦʡ 

ʯʘʩʪʠʮʳ  

2 2 4 2 2

0E m c p c= +  

ʉʢʦʨʦʩʪʴ ʩʚʝʪʘ ʤʦʛʫʪ ʠʤʝʪʴ ʪʦʣʴʢʦ ʙʝʟʤʘʩʩʦʚʳʝ ʯʘʩʪʠʮʳ (0 0m = ) 

ʊ.ʝ  ʵʥʝʨʛʠʷ ʙʝʟʤʘʩʩʦʚʦʛʦ ʬʦʪʦʥʘ E pc= .  

ʇʦ ʬʦʨʤʫʣʝ ʇʣʘʥʢʘ: 

,pc h

hc
pc

n

l

=

=
 

ʀʤʧʫʣʴʩ ʬʦʪʦʥʘ, ʪʘʢʠʤ ʦʙʨʘʟʦʤ: 
h

p
l
=  ʠʣʠ ʚ ʚʝʢʪʦʨʥʦʡ ʬʦʨʤʝ 

2
,k

p

l
= =p k  

ɽʩʣʠ ʩʚʝʪ ʠʤʝʝʪ ʠʤʧʫʣʴʩ, ʦʥ ʜʦʣʞʝʥ ʦʢʘʟʳʚʘʪʴ ʜʘʚʣʝʥʠʝ. ʇʨʝʜʩʢʘʟʘʥʠʝ ʜʘʚʣʝʥʠʷ 

ʩʚʝʪʘ ʥʘ ʦʩʥʦʚʝ ʠʤʧʫʣʴʩʘ ʬʦʪʦʥʘ ʙʣʝʩʪʷʱʝ ʩʦʚʧʘʜʘʝʪ ʩ ʜʘʚʣʝʥʠʝʤ ʩʚʝʪʘ ʠʟ ʦʧʳʪʦʚ 

ʨʫʩʩ.ʬʠʟʠʢʘ ʃʝʙʝʜʝʚʘ (1899) . 

 

 

 

 

3. ʆʪʢʨʳʪʠʝ ʚʦʣʥʦʚʳʭ ʩʚʦʡʩʪʚ ʤʠʢʨʦʯʘʩʪʠʮ 

1921 - ʆʧʳʪ ʈʘʤʟʘʫʵʨʘ-ʊʘʫʥʜʩʝʥʘ (ʜʠʬʨʘʢʮʠʷ ʵʣʝʢʪʨʦʥʦʚ ʥʘ ʘʪʦʤʘʭ ʙʣʘʛʦʨʦʜʥʳʭ 

ʛʘʟʦʚ ï ʘʥʘʣʦʛ ʜʠʬʨʘʢʮʠʠ ʩʚʝʪʘ ʥʘ ʢʨʫʛʣʦʤ ʜʠʩʢʝ)  

 

1927 - ʆʧʳʪ ɼʵʚʠʩʩʦʥʘ ïɼʞʝʨʤʝʨʘ (ʜʠʬʨʘʢʮʠʷ ʵʣʝʢʪʨʦʥʦʚ ʥʘ ʥʠʢʝʣʝ).  
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sin

sin

d m

d

j l

l j

=

=
 

˨͡Ύ ͙͔ͤ͟͡Ύ dҐлΦнмр ͤͣΣ ͙͒ͤ͊͡ ͍ͦͤ͡· 0.215 sin50 0.165ʥʤl= Ö ¯=  

˨͙ͤ͊͡ ͍ͦͤ͡· ˨͔ ˣ͚ͪͦ͡Ύ ͒͡Ύ Ή͔͍ͭͪͦͤͦ͟͡ ͫ Ή͔͎͙͔͚ͤͪ рпΉˤ  

 

34

31 19

6.62 10
0.167

2 2 9.1 10 1.6 10 54

h h ɼʞ
ʥʤ

p mE ʢʛ ʂʣ ɺ
l

-

- -

Ö
= = = =

Ö Ö Ö Ö Ö
 

ς лΦмст ͤͣ 

ʇʦʟʞʝ - ʆʧʳʪʳ ʊʦʤʩʦʥʘ-ʊʘʨʪʘʢʦʚʩʢʦʛʦ (ʜʠʬʨʘʢʮʠʷ ʵʣʝʢʪʨʦʥʦʚ ʥʘ ʬʦʣʴʛʝ). 
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ɼʠʬʨʘʢʮʠʷ ʯʘʩʪʠʮ ʥʝ ʷʚʣʷʝʪʩʷ ʩʣʝʜʩʪʚʠʝʤ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʥʝʩʢʦʣʴʢʠʭ ʯʘʩʪʠʮ, 

ʚʦʣʥʦʚʳʝ ʩʚʦʡʩʪʚʘ ʧʨʦʷʚʣʷʶʪ ʜʘʞʝ ʦʪʜʝʣʴʥʳʝ ʯʘʩʪʠʮʳ: 

1949 - ʆʧʳʪ ʌʘʙʨʠʢʘʥʪʘ (ʜʠʬʨʘʢʮʠʷ ʝʜʠʥʠʯʥʳʭ ʬʦʪʦʥʦʚ ʠ ʵʣʝʢʪʨʦʥʦʚ)  

 

 

ɺ ʵʪʠʭ ʥʘʙʣʶʜʝʥʠʷʭ ʙʳʣʦ ʟʘʤʝʯʝʥʦ: 

¶ ʇʨʠ ʨʘʩʩʝʷʥʠʠ ʤʠʢʨʦʯʘʩʪʠʮ ʥʘ ʦʜʥʦʡ ʠʣʠ ʥʝʩʢʦʣʴʢʠʭ ʱʝʣʷʭ ʦʪʜʝʣʴʥʳʝ 

ʯʘʩʪʠʮʳ, ʧʨʦʭʦʜʷ ʯʝʨʝʟ ʱʝʣʠ, ʣʦʢʘʣʠʟʫʶʪʩʷ ʚ ʢʦʥʢʨʝʪʥʳʭ ʪʦʯʢʘʭ ʵʢʨʘʥʘ. 

¶ ʂʘʞʜʘʷ ʯʘʩʪʠʮʘ ʣʦʢʘʣʠʟʫʝʪʩʷ ʚ ʩʣʫʯʘʡʥʦʡ ʪʦʯʢʝ ʵʢʨʘʥʘ. ʇʨʝʜʩʢʘʟʘʪʴ 

ʧʦʧʘʜʘʥʠʝ ʯʘʩʪʠʮʳ ʚ ʜʘʥʥʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ ʚ ʜʘʥʥʫʶ ʪʦʯʢʫ ʥʝʚʦʟʤʦʞʥʦ. 

¶ ʇʣʦʪʥʦʩʪʴ (ʠʣʠ ʚʝʨʦʷʪʥʦʩʪʴ) ʧʦʧʘʜʘʥʠʷ ʯʘʩʪʠʮ ʨʘʩʧʨʝʜʝʣʝʥʘ ʥʘ ʵʢʨʘʥʝ ʪʘʢ, ʢʘʢ 

ʝʩʣʠ ʙʳ  ʨʘʩʧʨʦʩʪʨʘʥʷʣʘʩʴ ʚʦʣʥʘ ʦʧʨʝʜʝʣʝʥʥʦʡ ʜʣʠʥʳ. ʆʪʩʶʜʘ ʚʳʨʘʞʝʥʠʝ - 

ʚʦʣʥʘ ʚʝʨʦʷʪʥʦʩʪʠ.  

¶ ʇʨʦʩʣʝʜʠʪʴ ʟʘ ʦʪʜʝʣʴʥʳʤʠ ʯʘʩʪʠʮʘʤʠ ʥʝʚʦʟʤʦʞʥʦ. ʄʠʢʨʦʯʘʩʪʠʮʳ ʥʝʚʦʟʤʦʞʥʦ 

ʦʧʠʩʘʪʴ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʨʘʝʢʪʦʨʠʝʡ. 

¶ ʇʨʠ ʧʦʧʳʪʢʝ ʩʫʟʠʪʴ ʨʘʟʤʝʨ ʱʝʣʠ, ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʨʘʩʩʝʷʥʠʝ ʯʘʩʪʠʮ. ʊ.ʝ. ʧʨʠ 

ʧʦʧʳʪʢʝ ʫʤʝʥʴʰʠʪʴ xDʦʜʥʦʚʨʝʤʝʥʥʦ ʫʚʝʣʠʯʠʚʘʝʪʩʷ ʜʠʩʧʝʨʩʠʷ ypD  ʅʘ ʦʩʥʦʚʝ 
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ʵʪʦʛʦ ʩʬʦʨʤʫʣʠʨʦʚʘʥ ʧʨʠʥʮʠʧ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʠ ɻʝʡʟʝʥʙʝʨʛʘ : ʥʝʚʦʟʤʦʞʥʦ 

ʦʜʥʦʚʨʝʤʝʥʥʦ ʪʦʯʥʦʝ ʠʟʤʝʨʝʥʠʝ ʠʤʧʫʣʴʩʘ ʠ ʢʦʦʨʜʠʥʘʪʳ ʯʘʩʪʠʮʳ ʠʣʠ ʵʥʝʨʛʠʠ 

ʩʦʩʪʦʷʥʠʷ ʠ ʚʨʝʤʝʥʠ ʞʠʟʥʠ ʚ ʵʪʦʤ ʩʦʩʪʦʷʥʠʠ: 

o 2
x pD D ²

 ʠ 
2

E tD D ²   

 

¶ ʝʩʣʠ ʯʘʩʪʠʮʫ ʥʝʣʴʟʷ ʦʧʠʩʘʪʴ ʪʨʘʝʢʪʦʨʠʝʡ, ʪʦ ʥʝʩʢʦʣʴʢʦ ʯʘʩʪʠʮ ʩʪʘʥʦʚʷʪʩʷ 

ʧʨʠʥʮʠʧʠʘʣʴʥʦ ʥʝʨʘʟʣʠʯʠʤʳʤʠ. 

 

ɺʧʦʩʣʝʜʩʪʚʠʠ ʙʳʣʠ ʦʪʢʨʳʪʳ ʠ ʜʨʫʛʠʝ ʥʝʦʙʳʯʥʳʝ ʩʚʦʡʩʪʚʘ ʤʠʢʨʦʯʘʩʪʠʮ: 

ʂʚʘʥʪʦʚʦʝ ʪʫʥʥʝʣʠʨʦʚʘʥʠʝ ʠ ʥʘʜʙʘʨʴʝʨʥʦʝ ʦʪʨʘʞʝʥʠʝ 

ʂʚʘʥʪʦʚʘʷ ʥʝʣʦʢʘʣʴʥʦʩʪʴ 

(ʂʦʪ ʐʨʝʜʠʥʛʝʨʘ, 1935 ï ʧʘʨʘʜʦʢʩ ʕʇʈ ʠ ʩʧʦʨ ʕʡʥʰʪʝʡʥʘ ʠ ɹʦʨʘ 

1964 ï ʥʝʨʘʚʝʥʩʪʚʘ ɹʝʣʣʘ, 1972-1976 ï ʜʦʢʘʟʘʪʝʣʴʩʪʚʦ ʥʘʨʫʰʝʥʠʷ ʥʝʨʘʚʝʥʩʪʚ ɹʝʣʣʘ ï ʦʪʢʨʳʪʠʝ 

ʢʚʘʥʪʦʚʦʡ ʥʝʣʦʢʘʣʴʥʦʩʪʠ) 

 

 

 

ɺʩʷ ʩʦʚʦʢʫʧʥʦʩʪʴ ʨʘʩʩʤʦʪʨʝʥʥʳʭ ʚʳʰʝ ʜʘʥʥʳʭ ʜʘʝʪ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʝ 

ʦʩʥʦʚʘʥʠʷ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ: 

1. ʄʠʢʨʦʯʘʩʪʠʮʳ ʦʙʣʘʜʘʶʪ ʚʦʣʥʦʚʳʤʠ ʩʚʦʡʩʪʚʘʤʠ, ʘ ʚʦʣʥʳ ʕʄ-ʧʦʣʷ ʠ ʜʨʫʛʠʭ 

ʧʦʣʝʡ ï ʩʚʦʡʩʪʚʘ ʯʘʩʪʠʮ (ʢʦʨʧʫʩʢʫʣʷʨʥʦ-ʚʦʣʥʦʚʦʡ ʜʫʘʣʠʟʤ) 

2. ʉʚʦʡʩʪʚʘ ʤʠʢʨʦʯʘʩʪʠʮ ʦʪʣʠʯʘʶʪʩʷ ʢʘʢ ʦʪ ʤʘʢʨʦʦʙʲʝʢʪʦʚ, ʪʘʢ ʠ ʦʪ ʦʙʳʯʥʳʭ ʚʦʣʥ: 

¶ ʉʦʦʪʥʦʰʝʥʠʝ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʝʡ ɻʝʡʟʝʥʙʝʨʛʘ ï ʥʝʚʦʟʤʦʞʥʦ ʣʦʢʘʣʠʟʦʚʘʪʴ 

ʦʜʥʦʚʨʝʤʝʥʥʦ ʧʦʣʦʞʝʥʠʝ ʠ ʠʤʧʫʣʴʩ ʯʘʩʪʠʮʳ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ. 

¶ ʅʝʚʦʟʤʦʞʥʦʩʪʴ ʦʧʠʩʘʪʴ ʤʠʢʨʦʯʘʩʪʠʮʫ ʢʣʘʩʩʠʯʝʩʢʦʡ ʪʨʘʝʢʪʦʨʠʝʡ 

¶ ɺʦʟʤʦʞʥʦʩʪʴ ʦʜʥʦʡ ʯʘʩʪʠʮʳ ʠʥʪʝʨʬʝʨʝʥʮʠʠ ʩʘʤʦʡ ʩ ʩʦʙʦʡ, ʚʦʟʤʦʞʥʦʩʪʴ 

ʧʨʦʭʦʜʠʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʯʝʨʝʟ ʜʚʘ ʠʣʠ ʥʝʩʢʦʣʴʢʦ ʦʪʚʝʨʩʪʠʡ (ʦʧʳʪ 

ʌʘʙʨʠʢʘʥʪʘ) 

¶ ʅʝʚʦʟʤʦʞʥʦ ʧʨʝʜʩʢʘʟʘʪʴ, ʛʜʝ ʣʦʢʘʣʠʟʫʝʪʩʷ (ʧʨʦʷʚʠʪʩʷ) ʯʘʩʪʠʮʘ, ʤʦʞʥʦ 

ʪʦʣʴʢʦ ʧʨʝʜʩʢʘʟʘʪʴ ʚʝʨʦʷʪʥʦʩʪʴ ʧʦʷʚʣʝʥʠʷ ʤʠʢʨʦʯʘʩʪʠʮʳ ʚ ʪʦʤ ʠʣʠ ʠʥʦʤ 

ʤʝʩʪʝ (ʢʦʪ ʐʨʝʜʠʥʛʝʨʘ) 

¶ ʇʨʠʥʮʠʧʠʘʣʴʥʘʷ ʥʝʨʘʟʣʠʯʠʤʦʩʪʴ ʤʠʢʨʦʯʘʩʪʠʮ. 
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¶ ʅʘʣʠʯʠʝ ʩʧʠʥʘ ʠ ʤʘʛʥʠʪʥʦʛʦ ʤʦʤʝʥʪʘ, ʢʦʪʦʨʳʝ ʥʝʣʴʟʷ ʩʪʨʦʛʦ ʦʙʲʷʩʥʠʪʴ 

ʧʨʦʩʪʳʤ ʚʨʘʱʝʥʠʝʤ ʯʘʩʪʠʮʳ ʚʦʢʨʫʛ ʩʚʦʝʡ ʦʩʠ 

¶ ɺʦʟʤʦʞʥʦʩʪʴ ʩʫʱʝʩʪʚʦʚʘʥʠʷ ʩʪʘʮʠʦʥʘʨʥʳʭ ʩʦʩʪʦʷʥʠʡ ʚ ʘʪʦʤʘʭ, ʛʜʝ 

ʯʘʩʪʠʮʘ ʜʚʠʞʝʪʩʷ ʙʝʟ ʠʟʣʫʯʝʥʠʷ. 

¶ ʉʫʱʝʩʪʚʦʚʘʥʠʝ ʬʝʨʤʠʦʥʥʦʡ ʩʠʤʤʝʪʨʠʠ (ʧʨʠʥʮʠʧ ʇʘʫʣʠ) 

¶ ʅʘʣʠʯʠʝ ʢʚʘʥʪʦʚʦʡ ʥʝʣʦʢʘʣʴʥʦʩʪʠ. 

 

 

ʅʝʦʙʭʦʜʠʤ ʩʧʝʮʠʘʣʴʥʳʡ ʘʧʧʘʨʘʪ, ʯʪʦʙʳ ʦʧʠʩʳʚʘʪʴ ʩʚʦʡʩʪʚʘ ʪʘʢʠʭ ʦʙʲʝʢʪʦʚ. ʆʜʠʥ ʠʟ 

ʤʝʪʦʜʦʚ ʪʘʢʦʛʦ ʦʧʠʩʘʥʠʷ ï ʢʚʘʥʪʦʚʘʷ ʤʝʭʘʥʠʢʘ ʠ ʪʝʦʨʠʠ, ʦʩʥʦʚʘʥʥʳʝ ʥʘ ʥʝʡ. 

 

ʌʝʥʦʤʝʥʦʣʦʛʠʯʝʩʢʘʷ ʬʦʨʤʫʣʠʨʦʚʢʘ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ 

 

ɽʩʣʠ ʜʚʠʞʝʥʠʝ ʤʠʢʨʦʯʘʩʪʠʮʳ ʧʦʭʦʞʝ ʥʘ ʜʚʠʞʝʥʠʝ ʚʦʣʥʳ, ʪʦ ʢʘʢʦʚʘ ʝʝ ʜʣʠʥʘ ʚʦʣʥʳ? 

ɽʩʣʠ ʠʤʧʫʣʴʩ ʬʦʪʦʥʘ 
h

p
l
= , ʪʦ ʤʦʞʝʪ ʙʳʪʴ, ʪʘʢʘʷ ʞʝ ʩʚʷʟʴ ʤʝʞʜʫ ʵʪʠʤʠ 

ʚʝʣʠʯʠʥʘʤʠ ʠ ʜʣʷ ʜʨʫʛʠʭ ʯʘʩʪʠʮ? 

ʃʫʠ ɼʝ ɹʨʦʡʣʴ, ʬʨʘʥʮ.ʬʠʟʠʢ-ʪʝʦʨʝʪʠʢ (1924):  ʣʶʙʦʡ ʤʘʪʝʨʠʘʣʴʥʦʡ ʯʘʩʪʠʮʝ 

ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʚʦʣʥʘ, ʜʣʠʥʘ ʢʦʪʦʨʦʡ (ʜʣʠʥʘ ʚʦʣʥʳ ɼʝ ɹʨʦʡʣʷ): 

D

h

p
l =

  (1)
 

ɼʣʷ ʤʘʢʨʦʪʝʣ ʦʥʘ 3410- ʤ, ʤʳ ʥʝ ʟʘʤʝʯʘʝʤ ʚʦʣʥʦʚʳʭ ʩʚʦʡʩʪʚ. 

ɼʣʷ ʵʣʝʢʪʨʦʥʘ ʤʘʩʩʦʡ 9.1Ŀ10
-31

 ʢʛ ʨʘʟʦʛʥʘʥʥʦʛʦ ʚ ʧʦʣʝ 10ɺ ʩ ʵʥʝʨʛʠʝʡ 10ʵɺ (1 ʵɺ = 

1.6Ŀ10
-19

 ɼʞ) ʩʢʦʨʦʩʪʴ 1.9Ŀ10
6
 ʤ/ʩ, ʜʣʠʥʘ ʚʦʣʥʳ ɼʝ ɹʨʦʡʣʷ 3.9Ŀ10

-10
 ʤ (ʩʨʘʚʥʠʤʦ ʩ 

ʨʘʟʤʝʨʘʤʠ ʘʪʦʤʘ ~1A) 

 

ʂʘʢʦʝ ʫʨʘʚʥʝʥʠʝ ʦʧʠʩʳʚʘʝʪ ʧʦʚʝʜʝʥʠʝ ʚʦʣʥ ɼʝ ɹʨʦʡʣʷ? 
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ɽʩʣʠ ʤʠʢʨʦʯʘʩʪʠʮʳ ʧʨʦʷʚʣʷʶʪ ʚʦʣʥʦʚʳʝ ʩʚʦʡʩʪʚʘ, ʠʭ ʩʣʝʜʫʝʪ ʦʧʠʩʳʚʘʪʴ 

ʚʦʣʥʦʚʳʤ ʫʨʘʚʥʝʥʠʝʤ. ʅʘʧʨʠʤʝʨ, ʚ ʦʜʥʦʤʝʨʥʦʤ ʩʣʫʯʘʝ: 

2 2

2 2 2

1

x V t

µ Y µ Y
=

µ µ
   (2) 

ɿʜʝʩʴ ( , )x tY=Y  - ʥʝʢʘʷ ʬʫʥʢʮʠʷ, ʦʧʠʩʳʚʘʶʱʘʷ ʩʦʩʪʦʷʥʠʝ ʢʦʣʝʙʣʶʱʝʡʩʷ ʪʦʯʢʠ 

ʩ ʢʦʦʨʜʠʥʘʪʘʤʠ x ʚ ʤʦʤʝʥʪ t. V ï ʬʘʟʦʚʘʷ ʩʢʦʨʦʩʪʴ ʚʦʣʥʳ. ʀʟ ʤʝʭʘʥʠʢʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ 

ʝʛʦ ʨʝʰʝʥʠʝʤ ʷʚʣʷʝʪʩʷ ʣʶʙʘʷ ʬʫʥʢʮʠʷ ʦʪ ʘʨʛʫʤʝʥʪʘ 

x
t

V
x= -

 

ɺ ʩʣʫʯʘʝ ʚʦʣʥʳ ʨʘʩʧʨʦʩʪʨʘʥʷʶʱʝʡʩʷ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ: 

2 2 2 2

2 2 2 2 2

2 2 2 2

2 2 2 2 2

( , , , ) ( , , , ) ( , , , ) 1 ( , , , )

1 ( )
( )

x y z t x y z t x y z t x y z t

x y z V t

x y z V t

µ Y µ Y µ Y µ Y
+ + =

µ µ µ µ

å õµ µ µ µ Y
+ + Y =æ ö

µ µ µ µç ÷

r
r

 

ʏʘʩʪʦ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʟʘʧʠʩʳʚʘʶʪ ʚ ʩʦʢʨʘʱʝʥʥʦʡ ʬʦʨʤʝ 

2
2

2 2

1

V t

µ Y
Ð Y=    

µ
    (3) 

ɿʜʝʩʴ x y z

µ µ µ
Ð¹ + +
µ µ µ

i j k

 - ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʡ ʦʧʝʨʘʪʦʨ çʥʘʙʣʘè. ʌʫʥʢʮʠʶ ʚ 

(3) ʩʣʝʚʘ ʠ ʩʧʨʘʚʘ ʥʝʣʴʟʷ ʩʦʢʨʘʱʘʪʴ! 

ɺ ʦʧʪʠʢʝ ʦʛʨʦʤʥʦʝ ʯʠʩʣʦ ʟʘʜʘʯ ʨʝʰʘʝʪʩʷ ʥʘ ʦʩʥʦʚʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚ 

ʧʨʝʜʧʦʣʦʞʝʥʠʠ, ʯʪʦ ʚʦʣʥʳ ʛʘʨʤʦʥʠʯʝʩʢʠʝ:   

( , ) ( ) i tx t x e w-Y =Y  (ʦʜʥʦʤʝʨʥʳʡ ʩʣʫʯʘʡ)   (4) 

( , ) ( ) i tt e w-Y =Yr r  (ʪʨʝʭʤʝʨʥʳʡ ʩʣʫʯʘʡ) 
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ʕʪʦ - ʪ.ʥ. ʧʨʠʙʣʠʞʝʥʠʝ ʂʠʨʭʛʦʬʘ-ɻʝʣʴʤʛʦʣʴʮʘ. ʆʥʦ ʩʧʨʘʚʝʜʣʠʚʦ, ʢʦʛʜʘ ʫ 

ʚʦʣʥ ʥʝʪ ʜʠʩʧʝʨʩʠʠ, ʪ.ʝ. ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʚʦʣʥʘ ʠʤʝʝʪ ʦʜʥʫ ʠ ʪʫ ʞʝ ʜʣʠʥʫ, ʦʪ ʪʦʯʢʠ ʢ 

ʪʦʯʢʝ ʤʝʥʷʝʪʩʷ ʪʦʣʴʢʦ ʝʝ ʘʤʧʣʠʪʫʜʘ ( )Y r . 

ɼʦʧʫʩʪʠʤ, ʤʠʢʨʦʯʘʩʪʠʮʘ ʦʧʠʩʳʚʘʝʪʩʷ ʚʦʣʥʦʡ (4), ʜʣʠʥʘ ʢʦʪʦʨʦʡ ʨʘʚʥʘ ʜʣʠʥʝ 

ʚʦʣʥʳ ɼʝ ɹʨʦʡʣʷ, ʪ.ʝ. 

h

p
l= ,   ʪʦʛʜʘ ʯʘʩʪʦʪʘ: 

2 2
2

V pV
pV

h

p p
w pn

l
= = = =. 

ʇʦʜʩʪʘʚʠʤ (4) ʚ (2) (ʨʘʩʩʤʦʪʨʠʤ ʦʜʥʦʤʝʨʥʳʡ ʩʣʫʯʘʡ): 

    

2
2 2

2 2

2 2

2 2

( ) 1
( ) 0

( )
( ) 0

i t i tx
e x i e

x V

x p
x

x

w ww- -µ Y
- Y =

µ

µ Y
+ Y =

µ   (5)

 

ʀʤʧʫʣʴʩ ʯʘʩʪʠʮʳ ʥʝʠʟʚʝʩʪʝʥ (ʤʦʞʝʪ ʤʝʥʷʪʴʩʷ ʦʪ ʪʦʯʢʠ ʢ ʪʦʯʢʝ). ʅʦ ʝʩʣʠ 

ʵʥʝʨʛʠʷ ʯʘʩʪʠʮʳ E ʬʠʢʩʠʨʦʚʘʥʘ (ʩʫʤʤʘ ʢʠʥʝʪʠʯʝʩʢʦʡ ʠ ʧʦʪʝʥʮʠʘʣʴʥʦʡ) ʪʦ ʠʤʧʫʣʴʩ 

ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʯʝʨʝʟ ʵʥʝʨʛʠʶ: 

2

( )
2

p
E T U U x

m
= + = + , ʪʦʛʜʘ ʝʝ ʠʤʧʫʣʴʩ: ( )2 2 ( )p m E U x= -  

ʇʦʜʩʪʘʚʠʤ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʚ (3): 

2

2 2

( ) 2
( ( )) ( ) 0

x m
E U x x

x

µ Y
+ - Y =

µ
  (6) 

ɺ ʪʨʝʭʤʝʨʥʦʤ ʩʣʫʯʘʝ : 

2

2

2
( ) ( ( )) ( ) 0

m
E UÐ Y + - Y =r r r   (7) 
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ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʩʪʘʮʠʦʥʘʨʥʳʤ ʫʨʘʚʥʝʥʠʝʤ ʐʨʝʜʠʥʛʝʨʘ ʜʣʷ 

ʩʦʩʪʦʷʥʠʷ ʩ ʧʦʩʪʦʷʥʥʦʡ ʵʥʝʨʛʠʝʡ E. ʆʥʦ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʚʦʣʥʦʚʦʝ ʫʨʘʚʥʝʥʠʝ ʚ 

ʧʨʠʙʣʠʞʝʥʠʠ ɻʝʣʴʤʛʦʣʴʮʘ, ʩ ʫʯʝʪʦʤ ʪʦʛʦ, ʯʪʦ ʚʦʣʥʦʡ ʷʚʣʷʝʪʩʷ ʚʦʣʥʘ ɼʝ ɹʨʦʡʣʷ.  

ɽʩʣʠ ʩʠʩʪʝʤʘ ʧʝʨʝʭʦʜʠʪ ʠʟ ʦʜʥʦʛʦ ʩʦʩʪʦʷʥʠʷ ʚ ʜʨʫʛʦʝ (ʥʘʧʨʠʤʝʨ, ʧʨʠ ʠʟʣʫʯʝʥʠʠ 

ʩʚʝʪʘ ʘʪʦʤʦʤ) ʵʥʝʨʛʠʷ ʯʘʩʪʠʮʳ ʤʦʞʝʪ ʤʝʥʷʪʴʩʷ ʩʦ ʚʨʝʤʝʥʝʤ. ʕʪʦ ʤʦʞʥʦ ʫʯʝʩʪʴ: 

,
E

E w w=     = 

ɺʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʩʠʩʪʝʤʳ ʪʝʧʝʨʴ ʟʘʚʠʩʠʪ ʦʪ t: ( , ) ( )
E

i t

x t x e
-

Y =Y  

ɺʳʯʠʩʣʠʤ ʝʝ ʧʨʦʠʟʚʦʜʥʫ  ʁʧʦ ʚʨʝʤʝʥʠ: 

( , )
( , )

x t E
i x t

t

µY
=- Y

µ
,    ʪ.ʝ. ( , )E x t

i t

µY
- = Y
µ

 (8) 

ɿʘʤʝʪʠʤ, ʯʪʦ ʬʫʥʢʮʠʷ ( , )x tY ʧʨʠ ʣʶʙʦʤ t ʷʚʣʷʝʪʩʷ ʨʝʰʝʥʠʝʤ ʩʪʘʮʠʦʥʘʨʥʦʛʦ 

ʫʨʘʚʥʝʥʠʷ ʐʨʝʜʠʥʛʝʨʘ (ʣʝʛʢʦ ʤʦʞʥʦ ʧʨʦʚʝʨʠʪʴ ʧʦʜʩʪʘʥʦʚʢʦʡ): 

2 2

2

( , )
( , ) ( ) ( , ) 0

2

x t
E x t U x x t

m x

µ Y
+ Y - Y =

µ
 

ʆʪʩʶʜʘ: 

2 2

2

( , )
( , ) ( )

2

x t
E x t U x

m t

µ Y
Y =- +

µ
  (9) 

ʇʦʜʩʪʘʚʠʤ (9) ʚ (8)  (ʠʩʧʦʣʴʟʫʝʤ ʩʚʦʡʩʪʚʦ ʤʥʠʤʦʡ ʝʜʠʥʠʮʳ 1/ i i=-): 

2 2

2

( , )
( ) ( , )

2

x t
U x x t i

m x t

å õµ µY
- + Y =æ ö

µ µç ÷
  (10) 
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ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʥʘʟʳʚʘʝʪʩʷ ʚʨʝʤʝʥʥʦʝ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ. ɺ ʪʨʝʭʤʝʨʥʦʤ 

ʩʣʫʯʘʝ: 

2
2 ( , )

( ) ( , )
2

t
U t i

m t

å õ µY
- Ð + Y =æ ö

µç ÷

r
r r  

ʆʥʦ ʧʝʨʝʭʦʜʠʪ ʚ ʩʪʘʮʠʦʥʘʨʥʦʝ, ʝʩʣʠ 
0

t

µY
=

µ . 

 

ʌʠʟʠʯʝʩʢʠʡ ʩʤʳʩʣ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ 

ɺʝʣʠʯʠʥʘ ( , )x tY  ʥʘʟʳʚʘʝʪʩʷ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʝʡ ʤʠʢʨʦʯʘʩʪʠʮʳ. ʆʥʘ ʷʚʣʷʝʪʩʷ 

ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ ʐʨʝʜʠʥʛʝʨʘ (ʚʳʪʝʢʘʶʱʝʛʦ ʠʟ ʚʦʣʥʦʚʦʛʦ ʫʨʘʚʥʝʥʠʷ). 

ɺ ʦʧʪʠʢʝ ʨʝʰʝʥʠʝʤ ʚʦʣʥʦʚʦʛʦ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʝʪʩʷ ʕʄɺ: 

( ) cos( )

( ) cos( )

m

m

E t E t

H t H t

w

w

= -

= -

kr

kr
 (ʧʣʦʩʢʘʷ ʕʄɺ) 

ɿʜʝʩʴ ʵʣʝʢʪʨʠʯʝʩʢʘʷ ʠ  ʤʘʛʥʠʪʥʘʷ ʥʘʧʨʷʞʝʥʥʦʩʪʠ ʠʛʨʘʶʪ ʨʦʣʴ ʚʦʣʥʦʚʦʡ 

ʬʫʥʢʮʠʠ. ʕʥʝʨʛʠʷ ʕʄ-ʚʦʣʥʳ W, ʧʝʨʝʥʦʩʠʤʦʡ ʯʝʨʝʟ ʝʜʠʥʠʮʫ ʧʣʦʱʘʜʠ ʟʘ ʝʜʠʥʠʮʫ 

ʚʨʝʤʝʥʠ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʢʚʘʜʨʘʪʫ ʘʤʧʣʠʪʫʜʳ ʵʣʝʢʪʨʠʯʝʩʢʦʡ ʥʘʧʨʷʞʝʥʥʦʩʪʠ: 

2W E  

ʇʦ ʬʦʨʤʫʣʝ ʇʣʘʥʢʘ ʵʥʝʨʛʠʷ ʚʦʣʥʳ ʧʨʦʧʦʨʮʠʦʥʘʣʴʥʘ ʯʠʩʣʫ ʬʦʪʦʥʦʚ: 

W ne= .  

ʊʦʛʜʘ  2n E .  
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ɺ ʕʄɺ ʵʣʝʢʪʨʠʯʝʩʢʘʷ ʥʘʧʨʷʞʝʥʥʦʩʪʴ ʠʛʨʘʝʪ ʨʦʣʴ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ 

(ʧʦʜʯʠʥʷʝʪʩʷ ʚʦʣʥʦʚʦʤʫ ʫʨʘʚʥʝʥʠʶ). ʊ.ʦʙʨ, ʧʦ ʘʥʘʣʦʛʠʠ ʩ ʦʧʪʠʢʦʡ, ʤʦʞʥʦ ʧʨʠʥʷʪʴ, 

ʯʪʦ ʢʚʘʜʨʘʪ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ ʜʦʣʞʝʥ ʙʳʪʴ ʧʨʦʧʦʨʮʠʦʥʘʣʝʥ ʯʠʩʣʫ ʯʘʩʪʠʮ, 

ʧʦʧʘʜʘʶʱʠʭ ʚ ʜʘʥʥʫʶ ʪʦʯʢʫ ʵʢʨʘʥʘ ʚ ʦʧʨʝʜʝʣʝʥʥʳʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ (ʠʣʠ ʟʘ 

ʦʧʨʝʜʝʣʝʥʥʳʡ ʧʨʦʤʝʞʫʪʦʢ ʚʨʝʤʝʥʠ). 

2( , ) ( , )n x t x tY  

ʅʦ ɺʌ ʤʦʞʝʪ ʙʳʪʴ ʢʦʤʧʣʝʢʩʥʦʡ ʚʝʣʠʯʠʥʦʡ (( ) i tx e w-Y ), ʝʝ ʢʚʘʜʨʘʪ ï ʤʦʞʝʪ 

ʧʨʠʥʠʤʘʪʴ ʦʪʨʠʮʘʪʝʣʴʥʳʝ ʟʥʘʯʝʥʠʷ, ʧʦʵʪʦʤʫ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʥʘʜʦ ʟʘʧʠʩʘʪʴ ʢʘʢ 

ʢʚʘʜʨʘʪ ʤʦʜʫʣʷ ʠʣʠ ʢʘʢ ʧʨʦʠʟʚʝʜʝʥʠʝ ʩʦʧʨʷʞʝʥʥʳʭ ʚʝʣʠʯʠʥ: 

2 * *( , ) ( , ) ( , ) ( , ) ( , ) ( , )n x t x t x t x t x t x tY =Y Y =Y Y  

ɺ ʤʘʪʝʤʘʪʠʢʝ ʤʦʜʫʣʴ ʢʦʤʧʣʝʢʩʥʦʡ ʚʝʣʠʯʠʥʳ z a ib= +  ʚʩʝʛʜʘ ʧʦʣʦʞʠʪʝʣʝʥ, ʦʥ 

ʚʳʯʠʩʣʷʝʪʩʷ ʧʦ ʧʨʘʚʠʣʫ:* * *( )z z z zz z a ib= =       = -. 

ʇʦʩʢʦʣʴʢʫ ɺʌ ʦʧʠʩʳʚʘʝʪ ʥʝ ʪʦʣʴʢʦ ʧʦʪʦʢ ʯʘʩʪʠʮ, ʥʦ ʠ ʦʪʜʝʣʴʥʫʶ ʯʘʩʪʠʮʫ, 

ʟʥʘʯʠʪ ʚʤʝʩʪʦ ʯʠʩʣʘ ʯʘʩʪʠʮ, ʤʳ ʜʦʣʞʥʳ ʠʩʧʦʣʴʟʦʚʘʪʴ ʚʝʨʦʷʪʥʦʩʪʴ ʧʦʧʘʜʘʥʠʷ 

ʯʘʩʪʠʮʳ ʚ ʫʟʢʠʡ ʠʥʪʝʨʚʘʣ ʚʙʣʠʟʠ ʪʦʯʢʠ ʭ: 

2
( , ) ( , )dP x t x t dxY  

ʏʪʦʙʳ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʩʪʘʣʦ ʨʘʚʝʥʩʪʚʦʤ, ʥʘʜʦ ʫʯʝʩʪʴ, ʯʪʦ ʚʝʨʦʷʪʥʦʩʪʴ ʥʘʡʪʠ 

ʯʘʩʪʠʮʫ ʚʦ ʚʩʝʤ ʧʨʦʩʪʨʘʥʩʪʚʝ ʜʦʣʞʥʳ ʙʳʪʴ ʨʘʚʥʘ 1. ɿʥʘʯʠʪ, ʯʪʦʙʳ ɺʌ ʠʤʝʣʘ ʩʤʳʩʣ 

ʚʝʨʦʷʪʥʦʩʪʠ ʥʘʡʪʠ ʯʘʩʪʠʮʫ ʚʙʣʠʟʠ x ɺʌ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʫʩʣʦʚʠʶ: 
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max

min

2
( , ) 1

x

x

x t dxY =ñ     - ʫʩʣʦʚʠʝ ʥʦʨʤʠʨʦʚʢʠ. 

ʀʥʪʝʛʨʠʨʦʚʘʥʠʝ ʧʨʦʠʟʚʦʜʠʪʩʷ ʚ ʠʥʪʝʨʚʘʣʝ [xmin, xmax] ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ 

ʢʦʦʨʜʠʥʘʪ, ʚ ʢʦʪʦʨʳʝ ʯʘʩʪʠʮʘ ʤʦʞʝʪ ʧʦʧʘʜʘʪʴ ʚ ʜʘʥʥʦʡ ʟʘʜʘʯʝ. 

ʋʩʣʦʚʠʝ ʥʦʨʤʠʨʦʚʢʠ ʚʩʝʛʜʘ ʤʦʞʝʪ ʙʳʪʴ ʚʳʧʦʣʥʝʥʦ, ʪ.ʢ. ʠʟ ʫʨʘʚʥʝʥʠʷ 

ʐʨʝʜʠʥʛʝʨʘ ɺʌ ʚʩʝʛʜʘ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʩʪʦʷʥʥʦʛʦ ʤʥʦʞʠʪʝʣʷ. ʏʪʦʙʳ 

ʧʨʦʠʟʚʦʣʴʥʘʷ ɺʌ ʩʪʘʣʘ ʥʦʨʤʠʨʦʚʘʥʥʦʡ, ʝʝ ʥʘʜʦ ʫʤʥʦʞʠʪʴ ʥʘ ʥʦʨʤʠʨʫʶʱʠʡ 

ʤʥʦʞʠʪʝʣʴ: 

2
( , )

1
( , ) ( , )N

N x t dx

x t x t
N

= Y

Y = Y

ñ
 

ɽʩʣʠ ʜʣʷ ɺʌ ʚʳʧʦʣʥʝʥʦ ʫʩʣʦʚʠʝ ʥʦʨʤʠʨʦʚʢʠ, ʪʦ 

2
( , ) ( , )dP x t x t dx= Y  

ɼʣʷ 3-ʤʝʨʥʦʛʦ ʩʣʫʯʘʷ: 

2
( , ) ( , ) ( , ) ( , )dP t t t dV t dV*=Y Y = Yr r r r  

ɿʜʝʩʴ V ï ʦʙʲʝʤ, ʢʦʪʦʨʳʡ ʟʘʥʠʤʘʝʪ ʩʠʩʪʝʤʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ ʜʣʷ ʥʝʝ 

ʧʝʨʝʤʝʥʥʳʭ: ...dV dxdydz=   

ʀʥʦʛʜʘ ʵʪʦ ʚʳʨʘʞʝʥʠʝ ʟʘʧʠʩʳʚʘʶʪ ʢʘʢ ʧʣʦʪʥʦʩʪʴ ʚʝʨʦʷʪʥʦʩʪʠ ʥʘʡʪʠ ʯʘʩʪʠʮʫ 

ʚʙʣʠʟʠ ʜʘʥʥʦʡ ʪʦʯʢʠ  
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2( , )
( , ) ( , )

dP t
t t dV

dV
r ¹ = Y

r
r r

  

 ̧ʆʪʩʶʜʘ ʚʳʪʝʢʘʝʪ ʬʠʟʠʯʝʩʢʠʡ ʩʤʳʩʣ ɺʌ: 

ɺʌ ï ʵʪʦ ʬʫʥʢʮʠʷ, ʢʚʘʜʨʘʪ ʤʦʜʫʣʷ ʢʦʪʦʨʦʡ ʝʩʪʴ ʧʣʦʪʥʦʩʪʴ ʚʝʨʦʷʪʥʦʩʪʠ ʦʙʥʘʨʫʞʠʪʴ 

ʯʘʩʪʠʮʫ ʚ ʙʝʩʢʦʥʝʯʥʦ ʤʘʣʦʤ ʦʙʲʝʤʝ dV ʚʙʣʠʟʠ ʪ. r   

 

 ̧ʌʠʟ. ʩʤʳʩʣ ʚʦʣʥʳ ɼʝ ɹʨʦʡʣʷ:
 

ɺʦʣʥʘ ɼʝɹʨʦʡʣʷ  (ʚʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ) ʥʝ ʷʚʣʷʝʪʩʷ ʚʦʣʥʦʡ ʢʘʢʦʡ-ʣʠʙʦ ʬʠʟʠʯʝʩʢʦʡ 

ʩʫʙʩʪʘʥʮʠʠ (ʢʘʢ ʘʢʫʩʪʠʯʝʩʢʠʝ, ʤʝʭʘʥʠʯʝʩʢʠʝ, ʕʄ ʚʦʣʥʳ). ʕʪʦ ï ʬʫʥʢʮʠʷ, 

ʦʧʠʩʳʚʘʶʱʘʷ ʚʝʨʦʷʪʥʦʩʪʴ ʦʙʥʘʨʫʞʠʪʴ ʯʘʩʪʠʮʫ ʚ ʜʘʥʥʦʡ ʪʦʯʢʝ. ʕʪʘ ʬʫʥʢʮʠʷ ʠʤʝʝʪ 

ʩʭʦʜʩʪʚʦ ʩ ʚʦʣʥʦʡ ʪʦʣʴʢʦ ʧʦʪʦʤʫ, ʯʪʦ ʦʥʘ ʧʦʜʯʠʥʷʝʪʩʷ ʘʥʘʣʦʛʫ ʚʦʣʥʦʚʦʛʦ ʫʨʘʚʥʝʥʠʷ 

ï ʫʨʘʚʥʝʥʠʶ ʐʨʝʜʠʥʛʝʨʘ, ʘ ʧʨʠ ʨʘʩʧʨʦʩʪʨʘʥʝʥʠʠ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʧʨʦʷʚʣʷʝʪ 

ʚʦʣʥʦʚʳʝ ʩʚʦʡʩʪʚʘ. 

 

 

ʋʩʣʦʚʠʷ, ʢʦʪʦʨʳʤ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ɺʌ: 

ʏʪʦʙʳ ʧʨʘʚʠʣʴʥʦ ʦʧʠʩʳʚʘʪʴ ʬʠʟʠʯʝʩʢʫʶ ʩʠʩʪʝʤʫ, ɺʌ ʜʦʣʞʥʘ 

ʦʜʥʦʚʨʝʤʝʥʥʦ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʥʝʩʢʦʣʴʢʠʤ ʫʩʣʦʚʠʷʤ: 

 

1. ɺʌ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ ʫʨʘʚʥʝʥʠʶ ʐʨʝʜʠʥʛʝʨʘ (ʚʨʝʤʝʥʥʦʤʫ, ʝʩʣʠ ʥʘ 

ʩʠʩʪʝʤʫ ʜʝʡʩʪʚʫʶʪ ʚʥʝʰʥʠʝ ʩʠʣʳ ʠʣʠ ʩʪʘʮʠʦʥʘʨʥʦʤʫ, ʝʩʣʠ ʩʠʩʪʝʤʘ 

ʠʟʦʣʠʨʦʚʘʥʥʘʷ) 

2. ʋʩʣʦʚʠʝ ʥʦʨʤʠʨʦʚʢʠ: 



23 
 

2
( , ) 1

V

t dVY =ñ r     - ʫʩʣʦʚʠʝ ʥʦʨʤʠʨʦʚʢʠ. 

3. ʇʦʩʢʦʣʴʢʫ ʚʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʩʚʷʟʘʥʘ ʩ ʚʝʨʦʷʪʥʦʩʪʴʶ, ʜʣʷ ʚʦʣʥʦʚʦʡ 

ʬʫʥʢʮʠʠ ʜʦʣʞʝʥ ʚʳʧʦʣʥʷʪʴʩʷ 

ʇʨʠʥʮʠʧ ʩʫʧʝʨʧʦʟʠʮʠʠ: ʝʩʣʠ ʩʠʩʪʝʤʘ ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʚ ʩʦʩʪʦʷʥʠʷʭ 
1Y  ʠ 

2Y, ʪʦ ʦʥʘ ʤʦʞʝʪ ʩʫʱʝʩʪʚʦʚʘʪʴ ʠ ʚ ʩʦʩʪʦʷʥʠʠ 1 2a bY= Y + Y, ʛʜʝ a, b ï ʥʝʢʠʝ 

ʧʦʩʪʦʷʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʪ.ʝ. ʚ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ ʵʪʠʭ ʩʦʩʪʦʷʥʠʡ. 

ʇʨʠʥʮʠʧ ʩʫʧʝʨʧʦʟʠʮʠʠ ʪʨʝʙʫʝʪ, ʯʪʦʙʳ ʫʨʘʚʥʝʥʠʷ, ʢʦʪʦʨʳʤ ʫʜʦʚʣʝʪʚʦʨʷʝʪ ɺʌ 

ʙʳʣʠ ʣʠʥʝʡʥʳʤʠ. ʇʦʵʪʦʤʫ ʚʨʝʤʝʥʥʦʝ ʋʐ ï ʣʠʥʝʡʥʦʝ ʦʪʥʦʩʠʪʝʣʴʥʦ ɺʌ.  

ɿʘʯʝʤ ʥʫʞʝʥ ʧʨʠʥʮʠʧ ʩʫʧʝʨʧʦʟʠʮʠʠ, ʚ ʯʝʤ ʝʛʦ ʬʠʟʠʯʝʩʢʠʡ ʩʤʳʩʣ: 

ɺʦʣʥʳ ʧʨʦʰʝʜʰʠʝ ʯʝʨʝʟ ʜʚʝ ʱʝʣʠ ʦʙʨʘʟʫʶʪ ʜʠʬʨʘʢʮʠʦʥʥʫʶ ʢʘʨʪʠʥʫ, ʪʦʣʴʢʦ ʝʩʣʠ ʩʢʣʘʜʳʚʘʶʪʩʷ ʠʭ 

ʘʤʧʣʠʪʫʜʳ, ʪ.ʝ. ʘʤʧʣʠʪʫʜʳ ʦʙʦʠʭ ʩʦʩʪʦʷʥʠʡ 
1 2Y +Y . ʉʫʤʤʘ ʢʚʘʜʨʘʪʦʚ ʘʤʧʣʠʪʫʜ ʦʪʜʝʣʴʥʳʭ ʩʦʩʪʦʷʥʠʡ ʥʝ 

ʜʘʝʪ ʥʘʙʣʶʜʘʝʤʦʡ ʢʘʨʪʠʥʳ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʝʩʣʠ ʝʩʪʴ ʚʦʟʤʦʞʥʦʩʪʴ ʜʚʫʭ ʩʦʩʪʦʷʥʠʡ (ʯʘʩʪʠʮʘ ʤʦʞʝʪ ʧʨʦʡʪʠ 

ʯʝʨʝʟ ʜʚʝ ʨʘʟʥʳʝ ʱʝʣʠ), ʪʦ ʨʝʘʣʠʟʫʝʪʩʷ ʩʦʩʪʦʷʥʠʝ, ʧʨʝʜʩʪʘʚʣʷʶʱʝʝ ʩʦʙʦʡ ʩʫʤʤʫ ɺʌ ʦʪʜʝʣʴʥʳʭ ʩʦʩʪʦʷʥʠʡ ʜʘʞʝ 

ʝʩʣʠ ʥʘ ʜʚʘ ʦʪʚʝʨʩʪʠʷ ʥʘʣʝʪʘʝʪ ʪʦʣʴʢʦ ʦʜʥʘ ʯʘʩʪʠʮʘ. ʉ ʵʢʩʧʝʨʠʤʝʥʪʦʤ ʩʦʚʧʘʜʘʝʪ ʪʦʣʴʢʦ ʧʨʦʮʝʩʩ, ʚ ʢʦʪʦʨʦʤ 

ʩʢʣʘʜʳʚʘʶʪʩʷ ɺʌ ʦʙʦʠʭ ʚʦʟʤʦʞʥʳʭ ʩʦʩʪʦʷʥʠʡ ʯʘʩʪʠʮʳ, ʜʘʞʝ ʝʩʣʠ ʚʦʟʤʦʞʥʳʭ ʩʦʩʪʦʷʥʠʡ ʜʚʘ, ʘ ʯʘʩʪʠʮʘ ʪʦʣʴʢʦ 

ʦʜʥʘ.  

 

ʇʨʠʤʝʨ (ʨʘʩʯʝʪ Mathematica 5.0): 

 

//ɼʚʘ ʪʦʯʝʯʥʳʭ ʠʩʪʦʯʥʠʢʘ ʩʦʟʜʘʶʪ ʢʘʨʪʠʥʫ ʥʘ ʵʢʨʘʥʝ: 

L = 4000 

d = 20 

lambda = 1 

V = 100 

v = V/lambda 

w = 2*Pi*v 

k = 2*Pi/lambda 

r1 = Sqrt[L^2 + (y - d/2)^2] 

r2 = Sqrt[L^2 + (y + d/2)^2] 

Y1 = Exp[-I*(w*t - k*r1)]/Sqrt[r1] 

Y2 = Exp[-I*(w*t - k*r2)]/Sqrt[r2] 

 

//ʀʥʪʝʥʩʠʚʥʦʩʪʴ ʥʘ ʵʢʨʘʥʝ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʨʝʤʝʥʠ: 

ContourPlot[Abs[Y1 + Y2]^2, {t, 0, 5}, {y, -500, 500}] 
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  (ʧʦ ʛʦʨʠʟʦʥʪʘʣʠ ï ʚʨʝʤʷ, ʧʦ ʚʝʨʪʠʢʘʣʠ ï ʢʦʦʨʜʠʥʘʪʘ ʵʢʨʘʥʘ) 

// ʀʥʪʝʥʩʠʚʥʦʩʪʴ ʥʘ ʵʢʨʘʥʝ ʧʨʠ ʩʣʦʞʝʥʠʠ ʘʤʧʣʠʪʫʜ (ʩʦʚʧʘʜʘʝʪ ʩ ʵʢʩʧʝʨʠʤʝʥʪʦʤ): 

Plot[Abs[Y1+Y2]^2/.t->0,{y,-500,500}] 

 
 

//ʀʥʪʝʥʩʠʚʥʦʩʪʴ ʥʘ ʵʢʨʘʥʝ ʦʪ ʦʜʥʦʛʦ ʠʩʪʦʯʥʠʢʘ ʠʣʠ ʧʨʠ ʩʣʦʞʝʥʠʠ ʢʚʘʜʨʘʪʦʚ ʘʤʧʣʠʪʫʜ(ʜʚʘ ʜʠʬʬʫʟʥʳʭ ʧʷʪʥʘ, 

ʥʝ ʩʦʚʧʘʜʘʝʪ ʩ ʵʢʩʧʝʨʠʤʝʥʪʦʤ): 

Plot[Abs[Y1]^2/.t->0,{y,-50000,50000}] 

 
 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩ ʵʢʩʧʝʨʠʤʝʥʪʦʤ ʩʦʚʧʘʜʘʝʪ ʪʦʣʴʢʦ ʧʨʦʮʝʩʩ, ʚ ʢʦʪʦʨʦʤ ʩʢʣʘʜʳʚʘʶʪʩʷ ɺʌ ʦʙʦʠʭ ʠʩʪʦʯʥʠʢʦʚ. 

 

4. ɺ ʦʙʣʘʩʪʠ, ʛʜʝ ʧʦʪʝʥʮʠʘʣ ( )U x ­¤ʯʘʩʪʠʮʳ ʥʝ ʜʦʣʞʥʳ ʧʨʦʥʠʢʘʪʴ. ʊ.ʝ. ʚ 

ʵʪʠʭ ʦʙʣʘʩʪʷʭ ɺʌ ʜʦʣʞʥʘ ʩʪʨʝʤʠʪʩʷ ʢ ʥʫʣʶ. 

5. ʅʘ ʛʨʘʥʠʮʘʭ ʨʘʟʨʳʚʘ ʧʦʪʝʥʮʠʘʣʘ U(x) (ʥʘʧʨʠʤʝʨ, ʥʘ ʛʨʘʥʠʮʘʭ ʨʘʟʜʝʣʘ 

ʩʨʝʜʳ) ɺʌ ʜʦʣʞʥʘ ʙʳʪʴ ʥʝʧʨʝʨʳʚʥʦʡ ʠ ʠʤʝʪʴ ʛʣʘʜʢʠʝ ʥʝʧʨʝʨʳʚʥʳʝ 

ʧʨʦʠʟʚʦʜʥʳʝ. 
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6. ʇʦʩʢʦʣʴʢʫ ʯʘʩʪʠʮʳ ʥʝʨʘʟʣʠʯʠʤʳ, ʪʦ ʧʝʨʝʩʪʘʥʦʚʢʘ ʣʶʙʳʭ ʜʚʫʭ ʯʘʩʪʠʮ ʥʝ 

ʜʦʣʞʥʘ ʧʨʠʚʦʜʠʪʴ ʢ ʠʟʤʝʥʝʥʠʶ ʥʘʙʣʶʜʘʝʤʳʭ ʩʚʦʡʩʪʚ ʩʠʩʪʝʤʳ, ʪ.ʝ 

ʚʝʨʦʷʪʥʦʩʪʠ 

2 2

1 2 2 1 1 2 2 1( , ) ( , ) ( , ) ( , )dP x x dP x x x x dx x x dx= = Y = Y  

ɿʜʝʩʴ x ï ʥʘʙʦʨ ʚʩʝʭ ʢʦʦʨʜʠʥʘʪ, ʢʦʪʦʨʳʤ ʦʧʠʩʳʚʘʝʪʩʷ ʯʘʩʪʠʮʘ ʚ ʩʠʩʪʝʤʝ. 

ʕʪʦ ʚʳʧʦʣʥʷʝʪʩʷ ʚ ʜʚʫʭ ʩʣʫʯʘʷʭ: 

 
2 1 1 2( , ) ( , )x x x xY =°Y  

ɺ ʧʨʠʨʦʜʝ ʨʝʘʣʠʟʫʶʪʩʷ ʦʙʘ ʚʘʨʠʘʥʪʘ. ʏʘʩʪʠʮʳ, ʢʦʪʦʨʳʝ ʘʥʪʠʩʠʤʤʝʪʨʠʯʥʳ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʧʝʨʝʩʪʘʥʦʚʦʢ ʥʘʟʳʚʘʶʪʩʷ ʬʝʨʤʠʦʥʳ. ʏʘʩʪʠʮʳ, ʢʦʪʦʨʳʝ ʩʠʤʤʝʪʨʠʯʥʳ 

ï ʙʦʟʦʥʳ. ʌʝʨʤʠʦʥʳ ï ʚʩʝ ʯʘʩʪʠʮʳ ʩ ʧʦʣʫʮʝʣʳʤ ʩʧʠʥʦʤ ï ʵʣʝʢʪʨʦʥ, ʧʨʦʪʦʥ, 

ʥʝʡʪʨʦʥ. ɹʦʟʦʥʳ ï ʯʘʩʪʠʮʳ ʩ ʮʝʣʳʤ ʠʣʠ ʥʫʣʝʚʳʤ ʩʧʠʥʦʤ ï ʬʦʪʦʥ, ʛʣʶʦʥ.  ɽʩʣʠ ʜʚʝ 

ʯʘʩʪʠʮʳ - ʬʝʨʤʠʦʥʳ, ʦʥʠ ʥʝ ʤʦʛʫʪ ʠʤʝʪʴ ʜʚʘ ʦʜʠʥʘʢʦʚʳʭ ʥʘʙʦʨʘ ʢʦʦʨʜʠʥʘʪ: 

1 1 1 1( , ) ( , )x x x xY =-Y  (ʚʳʧʦʣʥʷʝʪʩʷ ʪʦʣʴʢʦ ʝʩʣʠ 0Y= ).  

ʇʨʠʥʮʠʧ ʇʘʫʣʠ: ʜʚʘ ʬʝʨʤʠʦʥʘ ʥʝ ʤʦʛʫʪ ʠʤʝʪʴ ʧʦʣʥʦʩʪʴʶ ʦʜʠʥʘʢʦʚʳʡ ʥʘʙʦʨ 

ʧʘʨʘʤʝʪʨʦʚ, ʢʦʪʦʨʳʤʠ ʨʘʟʣʠʯʘʶʪʩʷ ʠʭ ʩʦʩʪʦʷʥʠʷ. 

(ʅʘʧʨʠʤʝʨ, ʜʚʘ ʵʣʝʢʪʨʦʥʘ ʤʦʛʫʪ ʟʘʥʠʤʘʪʴ ʦʜʥʦ ʠ ʪʦ ʞʝ ʧʦʣʦʞʝʥʠʝ ʚ 

ʧʨʦʩʪʨʘʥʩʪʚʝ, ʪʦʣʴʢʦ ʝʩʣʠ ʨʘʟʣʠʯʘʶʪʩʷ ʠʭ ʩʧʠʥʳ) 

ɺ ʥʘʩʪʦʷʱʝʝ ʚʨʝʤʷ ʵʢʩʧʝʨʠʤʝʥʪʳ ʧʦʢʘʟʳʚʘʶʪ, ʯʪʦ ʩʫʱʝʩʪʚʫʶʪ ʦʙʘ ʪʠʧʘ ʯʘʩʪʠʮ 

ï ʬʝʨʤʠʦʥʳ ʠ ʙʦʟʦʥʳ. ʕʪʦʪ ʬʘʢʪ ʦʙʲʝʜʠʥʷʝʪ ʪʝʦʨʠʷ, ʢʦʪʦʨʘʷ ʥʘʟʳʚʘʝʪʩʷ 

çʉʪʘʥʜʘʨʪʥʘʷ ʤʦʜʝʣʴè: 

ɺʦ ɺʩʝʣʝʥʥʦʡ ʩʫʱʝʩʪʚʫʝʪ 12 ʚʠʜʦʚ ʵʣʝʤʝʥʪʘʨʥʳʭ ʤʠʢʨʦʯʘʩʪʠʮ (ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ 

ʬʝʨʤʠʦʥʦʚ), ʢʦʪʦʨʳʝ ʚʟʘʠʤʦʜʝʡʩʪʚʫʶʪ 4 ʪʠʧʘʤʠ ʚʟʘʠʤʦʜʝʡʩʪʚʠʡ, ʕʪʠ 



26 
 

ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʧʝʨʝʥʦʩʷʪʩʷ 4 (ʠʟʚʝʩʪʥʳʤʠ) ʪʠʧʘʤʠ ʯʘʩʪʠʮ (ʢʘʣʠʙʨʦʚʦʯʥʳʭ 

ʙʦʟʦʥʦʚ). 

12 ʬʫʥʜʘʤʝʥʪʘʣʴʥʳʭ ʬʝʨʤʠʦʥʦʚ (ʩʧʠʥ=1/2)  + ʠʭ  ʘʥʪʠʯʘʩʪʠʮʳ 

 1 ʧʦʢʦʣʝʥʠʝ 2 ʧʦʢʦʣʝʥʠʝ 3 ʧʦʢʦʣʝʥʠʝ  ɿʘʨʷʜ 

ʂʚʘʨʢʠ u (up) c (charmed) t (truth) (top)  +2/3 

(6) d (dowm) s (strange) b (beauty) 

(bottom) 

 -1/3 

ʃʝʧʪʦʥʳ ʕʣʝʢʪʨʦʥ e ʄʶʦʥ m ʪʘʦʥ t  -1 

(6) ʕʣ.ʥʝʡʪʨʠʥʦ 

ne 

ʄ.ʥʝʡʪʨʠʥʦ 
nm 

ʊ.ʥʝʡʪʨʠʥʦ nt  0 

ʇʨʦʪʦʥ p=uud ,  ʥʝʡʪʨʦʥ  n=udd (ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʳʝ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ) 

ʂʘʣʠʙʨʦʚʦʯʥʳʝ ʙʦʟʦʥʳ (ʩʧʠʥ=1)  + ʘʥʪʠʯʘʩʪʠʮʳ. 

(4) ɺʟʘʠʤʦʜʝʡʩʪʚʠʝ çʉʠʣʘè ʇʨʠʤʝʨʳ ʄʘʩʩʘ 

ɻʣʶʦʥ ʉʠʣʴʥʦʝ 

ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ 

10
4
 ʉʚʷʟʴ ʢʚʘʨʢʦʚ ʚ ʧʨʦʪʦʥʳ 

ʠ ʥʝʡʪʨʦʥʳ 

0 

ʌʦʪʦʥ ʕʄ-ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ 1 ʉʚʷʟʴ ʵʣʝʢʪʨʦʥʦʚ ʠ ʷʜʝʨ 0 

Z ʠ W-

ʙʦʟʦʥʳ 

ʉʣʘʙʦʝ 

ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ 

10
-15

 ʂ-ʟʘʭʚʘʪ, ʙʝʪʘ-ʨʘʩʧʘʜ >0 

ɻʨʘʚʠʪʦʥ 

ʠʣʠ 

ɹʦʟʦʥ 

ʍʠʛʛʩʘ (?)  

ɻʨʘʚʠʪʘʮʠʦʥʥʦʝ 

ʚʟʘʠʤʦʜʝʡʩʪʚʠʝ 

10
-42

 ʉʚʷʟʴ ʧʣʘʥʝʪ ʠ ʟʚʝʟʜ, 

ʟʚʝʟʜ ʚ ʛʘʣʘʢʪʠʢʠ 

? 

 

 

http://ru.wikipedia.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Standard_Model_of_Elementary_Particles_ru.svg
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ʆʧʝʨʘʪʦʨʳ 

ʈʘʩʩʤʦʪʨʠʤ ʋʐ: 

2 2

2
( ) ( , ) ( , )

2
U x x t E x t

m x

å õµ
- + Y = Yæ ö

µç ÷  (ʩʪʘʮʠʦʥʘʨʥʦʝ) 

2 2

2

( , )
( ) ( , )

2

x t
U x x t i

m x t

å õµ µY
- + Y =æ ö

µ µç ÷  (ʚʨʝʤʝʥʥʦʝ)

 

ɺʳʨʘʞʝʥʠʝ ʚ ʣʝʚʦʡ ʯʘʩʪʠ ʋʐ ʥʘʧʦʤʠʥʘʝʪ ʚʳʨʘʞʝʥʠʝ ʜʣʷ ʧʦʣʥʦʡ ʵʥʝʨʛʠʠ 

2

( )
2

p
E U x

m
= +  

ʝʩʣʠ ʩʯʠʪʘʪʴ ʯʪʦ ʠʤʧʫʣʴʩ ʦʧʠʩʳʚʘʝʪʩʷ ʚʝʣʠʯʠʥʦʡ 

p i
x

µ
=-

µ
 

ʕʪʫ ʚʝʣʠʯʠʥʫ ʧʨʠʥʷʪʦ ʥʘʟʳʚʘʪʴ ʦʧʝʨʘʪʦʨʦʤ ʠʤʧʫʣʴʩʘ. 

ɺ ʤʘʪʝʤʘʪʠʢʝ:  

 ̧ ʆʧʝʨʘʪʦʨ ï ʵʪʦ ʧʨʘʚʠʣʦ, ʧʦ ʢʦʪʦʨʦʤʫ ʦʜʥʦʡ ʬʫʥʢʮʠʠ ʩʪʘʚʠʪʩʷ ʚ 

ʩʦʦʪʚʝʪʩʪʚʠʝ ʜʨʫʛʘʷ ʬʫʥʢʮʠʷ. (ʆʧʝʨʘʪʦʨ ʦʙʦʙʱʘʝʪ ʧʦʥʷʪʠʝ ʬʫʥʢʮʠʠ, ʢʦʪʦʨʘʷ ʝʩʪʴ 

ʧʨʘʚʠʣʦ, ʩʪʘʚʷʱʝʝ ʦʜʥʦʤʫ ʯʠʩʣʫ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʜʨʫʛʦʝ ʯʠʩʣʦ).  

ɺʳʙʝʨʝʤ ʦʧʝʨʘʪʦʨ ʢʦʦʨʜʠʥʘʪʳ ʚ ʚʠʜʝ ʧʨʘʚʠʣʘ, ʢʦʪʦʨʦʝ ʦʟʥʘʯʘʝʪ ʫʤʥʦʞʝʥʠʝʤ 

ʥʘ ʢʦʦʨʜʠʥʘʪʫ: 

Ĕx x=  
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ɺʳʨʘʞʝʥʠʝ ʚ ʉʋʐ ʚ ʩʢʦʙʢʘʭ ʥʘʟrʚʘʶʪ  ʦʧʝʨʘʪʦʨ ɻʘʤʠʣʴʪʦʥʘ 

(ʛʘʤʠʣʴʪʦʥʠʘʥ ʠʣʠ ʦʧʝʨʘʪʦʨ ʧʦʣʥʦʡ ʵʥʝʨʛʠʠ): 

2ĔĔ Ĕ( )
2

p
H U x

m
= +

 

ɺ ʵʪʠʭ ʦʙʦʟʥʘʯʝʥʠʷʭ ʩʪʘʮʠʦʥʘʨʥʦʝ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ: 

ĔH EY= Y 

ɽʩʣʠ ʫʤʥʦʞʠʪʴ ʦʙʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʥʘ *Y  ʠ ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ ʧʦ ʚʩʝʤʫ 

ʦʙʲʝʤʫ, ʪʦ ʧʦʣʫʯʠʤ (ʧʨʝʜʧʦʣʘʛʘʝʤ, ʯʪʦ ɺʌ ʥʦʨʤʠʨʦʚʘʥʥʘʷ): 

* Ĕ

V

E H dV= Y Yñ  

ʕʪʦ ʨʘʚʝʥʩʪʚʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʧʦʣʥʘʷ ʵʥʝʨʛʠʷ ʩʠʩʪʝʤʳ ʧʦʣʫʯʘʝʪʩʷ ʠʟ ʦʧʝʨʘʪʦʨʘ 

ʧʦʣʥʦʡ ʵʥʝʨʛʠʠ (ʝʩʣʠ ʦʥ ʥʝ ʟʘʚʠʩʠʪ ʦʪ ʚʨʝʤʝʥʠ) ʠ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ. 

ɺʦʟʥʠʢʘʝʪ ʚʦʧʨʦʩ: ʤʦʞʥʦ ʣʠ ʪʘʢʠʝ ʞʝ ʧʨʘʚʠʣʘ ʚʚʝʩʪʠ ʜʣʷ ʦʧʨʝʜʝʣʝʥʠʷ ʜʨʫʛʠʭ 

ʬʠʟʠʯʝʩʢʠʭ ʚʝʣʠʯʠʥ, ʪ.ʝ. ʚʚʝʩʪʠ ʠʭ ʦʧʝʨʘʪʦʨʳ ʪʘʢ, ʯʪʦʙʳ ʧʦʣʫʯʠʪʴ ʟʥʘʯʝʥʠʝ 

ʠʟʤʝʨʷʝʤʦʡ ʚʝʣʠʯʠʥʳ ʯʝʨʝʟ ʠʭ ʦʧʝʨʘʪʦʨʳ ʠ ɺʌ ʧʦ ʘʥʘʣʦʛʠʯʥʳʤ ʬʦʨʤʫʣʘʤ: 

ĔF FY= Y 

* Ĕ

V

F F dV< >= Y Yñ  

ʏʪʦʙʳ ʦʪʚʝʪʠʪʴ ʥʘ ʵʪʦʪ ʚʦʧʨʦʩ, ʨʘʩʩʤʦʪʨʠʤ ʤʘʪʝʤʘʪʠʯʝʩʢʠʝ ʩʚʦʡʩʪʚʘ 

ʦʧʝʨʘʪʦʨʦʚ: 
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1. ɽʩʣʠ ʜʣʷ ʣʶʙʦʡ ʬʫʥʢʮʠʠ f 

1

2

3

Ĕ Ĕ

Ĕ Ĕ

ĔĔ( )

C f Af Bf

C f Af Bf

C f A Bf

= +

= -

=

 

ʪʦ ʦʧʝʨʘʪʦʨʳ ʉ ʥʘʟʳʚʘʶʪʩʷ ʩʫʤʤʦʡ, ʨʘʟʥʦʩʪʴʶ ʠ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʦʧʝʨʘʪʦʨʦʚ 

A ʠ B, ʩʦʦʪʚʝʪʩʪʚʝʥʥʦ. 

2. ɼʣʷ ʩʫʤʤʳ ʠ ʨʘʟʥʦʩʪʠ ʦʧʝʨʘʪʦʨʦʚ ʚʳʧʦʣʥʷʶʪʩʷ ʢʦʤʤʫʪʘʪʠʚʥʳʡ, ʠ 

ʘʩʩʦʮʠʘʪʠʚʥʳʡ ʟʘʢʦʥʳ (ʢʘʢ ʜʣʷ ʦʙʳʯʥʳʭ ʩʫʤʤ ʠ ʨʘʟʥʦʩʪʝʡ).  

3. ɼʣʷ ʧʨʦʠʟʚʝʜʝʥʠʡ ʦʧʝʨʘʪʦʨʦʚ ʚʳʧʦʣʥʷʝʪʩʷ ʘʩʩʦʮʠʘʪʠʚʥʳʡ ʟʘʢʦʥ: 

Ĕ Ĕ ĔĔ Ĕ Ĕ( ) ( )ABf AB f A Bf= =  

4. ɼʣʷ ʧʨʦʠʟʚʝʜʝʥʠʡ ʦʧʝʨʘʪʦʨʦʚ ʢʦʤʤʫʪʘʪʠʚʥʳʡ ʟʘʢʦʥ ʚʳʧʦʣʥʷʝʪʩʷ ʥʝ ʚʩʝʛʜʘ: 

Ĕ ĔĔ ĔAB BA¸  

 ʇʨʠʤʝʨ: Ĕ Ĕ,
d

A x B
dx

=    = 

ĔĔ

( )ĔĔ

du
ABu x

dx

d xu du
BAu u x

dx dx

=

= = +

  , ʪ.ʝ.   

ĔĔ

ĔĔ 1

d
AB x

dx

d
BA x

dx

=

= +

 

ɽʩʣʠ Ĕ ĔĔ ĔAB BA= , ʦʧʝʨʘʪʦʨʳ ʥʘʟʳʚʘʶʪʩʷ ʢʦʤʤʫʪʠʨʫʶʱʠʤʠ, ʝʩʣʠ Ĕ ĔĔ ĔAB BA¸  - 

ʥʝʢʦʤʤʫʪʠʨʫʶʱʠʤʠ. ɺʝʣʠʯʠʥʘ Ĕ Ĕ ĔĔ Ĕ Ĕ[ , ]A B AB BA¹ -  ʥʘʟʳʚʘʝʪʩʷ ʢʦʤʤʫʪʘʪʦʨ 

ʦʧʝʨʘʪʦʨʦʚ ɸ, ɺ. ɺʝʣʠʯʠʥʘ Ĕ Ĕ ĔĔ Ĕ Ĕ[ , ]A B AB BA+¹ +  ʥʘʟʳʚʘʝʪʩʷ ʘʥʪʠʢʦʤʤʫʪʘʪʦʨ.  

5. ɽʩʣʠ ʨʝʟʫʣʴʪʘʪʦʤ ʜʝʡʩʪʚʠʷ ʦʧʝʨʘʪʦʨʘ ʥʘ ʢʦʥʝʯʥʫʶ ʥʝʧʨʝʨʳʚʥʫʶ 

ʦʜʥʦʟʥʘʯʥʫʶ ʬʫʥʢʮʠʶ f ʷʚʣʷʝʪʩʷ ʪʘ ʞʝ ʬʫʥʢʮʠʷ, ʫʤʥʦʞʝʥʥʘʷ ʥʘ ʥʝʢʦʪʦʨʦʝ 

ʯʠʩʣʦ l: 
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ĔLf fl= , 

ʪʘʢʘʷ ʬʫʥʢʮʠʷ ʥʘʟʳʚʘʝʪʩʷ ʩʦʙʩʪʚʝʥʥʦʡ ʬʫʥʢʮʠʝʡ ʦʧʝʨʘʪʦʨʘ L, ʘ l ï 

ʩʦʙʩʪʚʝʥʥʳʤ ʟʥʘʯʝʥʠʝʤ ʦʧʝʨʘʪʦʨʘ. ʉʦʚʦʢʫʧʥʦʩʪʴ ʚʩʝʭ ʚʦʟʤʦʞʥʳʭ 

ʩʦʙʩʪʚʝʥʥʳʭ ʟʥʘʯʝʥʠʡ ʦʧʝʨʘʪʦʨʘ ʥʘʟʳʚʘʝʪʩʷ ʝʛʦ ʩʧʝʢʪʨʦʤ. ʆʥ ʤʦʞʝʪ ʙʳʪʴ 

ʜʠʩʢʨʝʪʥʳʤ, ʥʝʧʨʝʨʳʚʥʳʤ ʠʣʠ ʩʤʝʰʘʥʥʳʤ.  

 ʇʨʠʤʝʨ: ʩʪʘʮʠʦʥʘʨʥʦʝ ʋʐ ï ʝʩʪʴ ʫʨʘʚʥʝʥʠʝ ʥʘ ʉɿ ʜʣʷ ʦʧʝʨʘʪʦʨʘ ʧʦʣʥʦʡ 

ʵʥʝʨʛʠʠ ĔH EY= Y(ʧʦʣʥʘʷ ʵʥʝʨʛʠʷ E ï ʉɿ ʛʘʤʠʣʴʪʦʥʠʘʥʘ). 

ɺʘʞʥʦʩʪʴ  ʉʌ ʠ ʉɿ ʜʣʷ ʂʄ ʚ ʪʦʤ, ʯʪʦ ʝʩʣʠ ʦʧʝʨʘʪʦʨ ĔF  ʦʧʠʩʳʚʘʝʪ ʢʘʢʫʶ-

ʣʠʙʦ ʬʠʟʠʯʝʩʢʫʶ ʚʝʣʠʯʠʥʫ F, ʘ ɺʌ ʩʠʩʪʝʤʳ ʷʚʣʷʝʪʩʷ ʉʌ ʵʪʦʛʦ ʦʧʝʨʘʪʦʨʘ, 

ʪʦ ʉɿ ʜʘʝʪ ʥʘʙʣʶʜʘʝʤʦʝ ʟʥʘʯʝʥʠʝ ʚʝʣʠʯʠʥʳ F ʚ ʵʪʦʡ ʩʠʩʪʝʤʝ. 

6. ʆʧʝʨʘʪʦʨ L ʥʘʟʳʚʘʝʪʩʷ ʣʠʥʝʡʥʳʤ, ʝʩʣʠ 

Ĕ Ĕ Ĕ( )L af bg aLf bLg+ = +  

(ʘ, b ï ʧʦʩʪʦʷʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, f,g ï ʣʶʙʳʝ ʬʫʥʢʮʠʠ ʠʟ ʆʆʆ) 

ʇʨʠʤʝʨ: ʦʧʝʨʘʪʦʨʳ ʜʠʬʬʝʨʝʥʮʠʨʦʚʘʥʠʷ ʠ ʚʦʟʚʝʜʝʥʠʷ ʚ ʢʚʘʜʨʘʪ:  

d/dx(af +b g) =a df/dx + b*dg/dx (ʣʠʥʝʡʥʳʡ)  

(f + g)
2 

= f
2 

+ 2fg + g
2 

Í f
2 

+ g
2

. (ʥʝʣʠʥʝʡʥʳʡ) 

ɼʣʷ ʂʄ ʚʘʞʥʳ ʣʠʥʝʡʥʳʝ ʦʧʝʨʘʪʦʨʳ, ʪ.ʢ. ʦʥʠ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʧʨʠʥʮʠʧʫ 

ʩʫʧʝʨʧʦʟʠʮʠʠ. 

7. ʆʧʝʨʘʪʦʨ ʥʘʟʳʚʘʝʪʩʷ ʵʨʤʠʪʦʚʳʤ (ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʤ), ʝʩʣʠ ʜʣʷ ʣʶʙʳʭ 

ʜʚʫʭ ʬʫʥʢʮʠʡ f, g 
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* * *f Lgdx gL f dx=ñ ñ  

ʕʪʦ ʩʚʦʡʩʪʚʦ ʠʩʢʣʶʯʠʪʝʣʴʥʦ ʚʘʞʥʦ ʜʣʷ ʂʄ, ʧʦʩʢʦʣʴʢʫ ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʡ 

ʦʧʝʨʘʪʦʨ ʚʩʝʛʜʘ ʠʤʝʝʪ ʪʦʣʴʢʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ ʩʦʙʩʪʚʝʥʥʳʝ ʟʥʘʯʝʥʠʷ: 

* * * *

* * *

* * *

*

Lf f

L f f

f Lfdx fL f dx

f fdx ff dx

l

l

l l

l l

=

=

=

=

=

ñ ñ

ñ ñ

 

ɽʩʣʠ ʉɿ ʜʝʡʩʪʚʠʪʝʣʴʥʳ, ʪʦ ʣʶʙʦʡ ɺʌ, ʢʦʪʦʨʘʷ ʷʚʣʷʝʪʩʷ ʉʌ ʜʘʥʥʦʛʦ ʦʧʝʨʘʪʦʨʘ, 

ʙʫʜʝʪ ʩʦʦʪʚʝʪʩʪʚʦʚʘʪʴ ʜʝʡʩʪʚʠʪʝʣʴʥʦʝ (ʪ.ʝ. ʥʘʙʣʶʜʘʝʤʦʝ) ʉɿ. 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʜʣʷ ʦʧʠʩʘʥʠʷ ʬʠʟʠʯʝʩʢʠʭ ʚʝʣʠʯʠʥ ʚ ʂʄ, ʵʪʠ ʚʝʣʠʯʠʥʳ ʜʦʣʞʥʳ 

ʧʨʝʜʩʪʘʚʣʷʪʴʩʷ ʣʠʥʝʡʥʳʤʠ ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʤʠ ʦʧʝʨʘʪʦʨʘʤʠ.  

8. ɺʘʞʥʦʝ ʩʚʦʡʩʪʚʦ ʵʨʤʠʪʦʚʘ ʦʧʝʨʘʪʦʨʘ: ʝʛʦ ʩʦʙʩʪʚʝʥʥʳʝ ʬʫʥʢʮʠʠ, 

ʧʨʠʥʘʜʣʝʞʘʱʠʝ ʨʘʟʥʳʤ ʩʦʙʩʪʚʝʥʥʳʤ ʟʥʘʯʝʥʠʷʤ, ʦʨʪʦʛʦʥʘʣʴʥʳ ʜʨʫʛ ʜʨʫʛʫ: 

* 0i j

V

dVY Y =ñ   (ʦʨʪʦʛʦʥʘʣʴʥʦʩʪʴ ʜʚʫʭ ʬʫʥʢʮʠʡ) 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ: ʇʫʩʪʴ Ĕ Ĕ,i i i j j jL Ll lY = Y   Y = Y. ʀʟ ʫʩʣʦʚʠʷ ʵʨʤʠʪʦʚʦʩʪʠ: 

* * *

* * *

*

*

Ĕ Ĕ

( ) 0

0

i j j i

V V

i j j j i i

V V

j i i j

V

i j

V

L dV L dV

dV dV

dV

dV

l l

l l

Y Y = Y Y

Y Y = Y Y

- Y Y =

Y Y =

ñ ñ

ñ ñ

ñ

ñ
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ʄʦʞʥʦ ʣʠ ʦʧʠʩʘʪʴ ʜʨʫʛʠʝ ʩʚʦʡʩʪʚʘ ʢʚʘʥʪʦʚʦʤʝʭʘʥʠʯʝʩʢʦʡ ʩʠʩʪʝʤʳ (ʠʤʧʫʣʴʩ, 

ʤʦʤʝʥʪ ʠʤʧʫʣʴʩʘ, ʩʧʠʥ, ʜʠʧʦʣʴʥʳʡ ʤʦʤʝʥʪ, ʤʘʛʥʠʪʥʳʡ ʤʦʤʝʥʪ ʠ ʪ.ʜ.) ʦʧʝʨʘʪʦʨʘʤʠ? 

ʇʦʩʢʦʣʴʢʫ ʙʦʣʴʰʠʥʩʪʚʦ ʬʠʟʠʯʝʩʢʠʭ ʚʝʣʠʯʠʥ ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʯʝʨʝʟ ʢʦʦʨʜʠʥʘʪʫ ʠ 

ʠʤʧʫʣʴʩ, ʪʦ ʦʧʝʨʘʪʦʨ ʵʪʦʡ ʬʠʟʠʯʝʩʢʦʡ ʚʝʣʠʯʠʥʳ ʤʦʞʥʦ ʚʳʨʘʟʠʪʴ ʯʝʨʝʟ ʦʧʝʨʘʪʦʨʳ 

ʠʤʧʫʣʴʩʘ ʠ ʢʦʦʨʜʠʥʘʪʳ. ʆʪʩʶʜʘ: 

ʇʨʘʚʠʣʦ ʜʣʷ ʥʘʭʦʞʜʝʥʠʷ ʥʘʙʣʶʜʘʝʤʦʛʦ ʟʥʘʯʝʥʠʷ ʧʨʦʠʟʚʦʣʴʥʦʡ ʬʠʟʠʯʝʩʢʦʡ 

ʚʝʣʠʯʠʥʳ: 

1. ɿʘʧʠʩʘʪʴ ʬʦʨʤʫʣʫ ʠʩʢʦʤʦʡ ʬʠʟʠʯʝʩʢʦʡ ʚʝʣʠʯʠʥʳ F ʯʝʨʝʟ ʠʤʧʫʣʴʩ ʠ 

ʢʦʦʨʜʠʥʘʪʫ p ʠ x. 

2. ɿʘʤʝʥʠʪʴ ʠʤʧʫʣʴʩ ʠ ʢʦʦʨʜʠʥʘʪʫ ʠʭ ʦʧʝʨʘʪʦʨʘʤʠ  

Ĕ Ĕ Ĕ, ,x y zp i p i p i
x y z

µ µ µ
=-   =-   =-

µ µ µ
 

ʆʧʝʨʘʪʦʨ ʢʦʦʨʜʠʥʘʪʳ ʩʦʚʧʘʜʘʝʪ ʩ ʫʤʥʦʞʝʥʠʝʤ ʥʘ ʩʘʤʫ ʢʦʦʨʜʠʥʘʪʫ. 

3. ʋʙʝʜʠʪʴʩʷ, ʯʪʦ ʦʧʝʨʘʪʦʨ ĔF  ʷʚʣʷʝʪʩʷ ʣʠʥʝʡʥʳʤ ʠ ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʤ (ʚ 

ʙʦʣʴʰʠʥʩʪʚʝ ʩʣʫʯʘʝʚ ʵʪʦ ʪʘʢ). ɽʩʣʠ ʵʪʦ ʥʝ ʪʘʢ, ʪʦ ʚ ʤʘʪʝʤʘʪʠʢʝ ʠʟʚʝʩʪʥʳ 

ʩʧʝʮʠʘʣʴʥʳʝ ʤʝʪʦʜʳ ʧʨʠʚʝʜʝʥʠʷ ʦʧʝʨʘʪʦʨʦʚ ʢ ʩʘʤʦʩʦʧʨʷʞʝʥʥʦʤʫ ʚʠʜʫ (ʧʨʠ 

ʵʪʦʤ ʉʌ ʦʩʪʘʶʪʩʷ ʪʝʤʠ ʞʝ, ʥʦ ʉɿ ʤʦʛʫʪ ʠʟʤʝʥʠʪʴʩʷ). 

ʅʘʧʨʠʤʝʨ:  

1. ʆʧʝʨʘʪʦʨ ʢʠʥʝʪʠʯʝʩʢʦʡ ʵʥʝʨʛʠʠ ĔT :
2 2 2

2
Ĕ, ,

2 2

p
T p i T

m x m x

µ µ
=     =-     =-

µ µ
 

2. ʆʧʝʨʘʪʦʨ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ 
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2 2 2 2

[ , ]

,

,

,

x z y

y x z

z y x

x y z

M yp zp

M zp xp

M xp yp

M M M

=

= -   

= -   

= -  

= + +

M r p

M

 

2 22

2 2

Ĕ

Ĕ

Ĕ

x

y

z

M i y z
z y

M i z x
x z

M i x y
y x

M y z z x x y
z y x z y x

å õµ µ
=- -æ ö

µ µç ÷

µ µå õ
=- -æ ö

µ µç ÷

å õµ µ
=- -æ ö

µ µç ÷

è øå õ å õµ µ µ µ µ µå õ
=- - + - + -é ùæ öæ ö æ ö

µ µ µ µ µ µç ÷ç ÷ ç ÷é ùê ú

 

 

ʇʦʩʪʫʣʘʪʳ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʠ 

1. ʇʦʩʪʫʣʘʪ I. ʃʶʙʦʝ ʩʦʩʪʦʷʥʠʝ ʩʠʩʪʝʤʳ ʧʦʣʥʦʩʪʴʶ ʦʧʠʩʳʚʘʝʪʩʷ ʥʝʢʦʪʦʨʦʡ 

ʬʫʥʢʮʠʝʡ Ɋ(q1, q2, é, qn, t) ʦʪ ʢʦʦʨʜʠʥʘʪ ʚʩʝʭ ʦʙʨʘʟʫʶʱʠʭ ʩʠʩʪʝʤʫ ʯʘʩʪʠʮ ʠ 

ʚʨʝʤʝʥʠ, ʥʘʟʳʚʘʝʤʦʡ ʬʫʥʢʮʠʝʡ ʩʦʩʪʦʷʥʠʷ ʩʠʩʪʝʤʳ ʠʣʠ ʝʝ ʚʦʣʥʦʚʦʡ 

ʬʫʥʢʮʠʝʡ. ʂʚʘʜʨʘʪ ʤʦʜʫʣʷ ʚʦʣʥʦʚʦʡ ʬʫʥʢʮʠʠ ʚ ʣʶʙʦʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ 

ʜʦʣʞʝʥ ʙʳʪʴ ʥʦʨʤʠʨʦʚʘʥ ʥʘ ʝʜʠʥʠʮʫ: 

2

1 2 1 2( , ,... , ) ...n n

V

q q q t dq dq dqYñ  
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2. ʇʦʩʪʫʣʘʪ II . (ʇʨʠʥʮʠʧ ʩʫʧʝʨʧʦʟʠʮʠʠ) ɽʩʣʠ ʩʠʩʪʝʤʘ ʤʦʞʝʪ ʥʘʭʦʜʠʪʴʩʷ ʚ 

ʩʦʩʪʦʷʥʠʷʭ, ʦʧʠʩʳʚʘʝʤʳʭ ʚʦʣʥʦʚʳʤʠ ʬʫʥʢʮʠʷʤʠ
1Y  ʠ 

2Y, ʪʦ ʦʥʘ ʤʦʞʝʪ 

ʥʘʭʦʜʠʪʴʩʷ ʠ ʚ ʩʦʩʪʦʷʥʠʠ 
1 1 2 2c cY= Y + Y. 

3. ʇʦʩʪʫʣʘʪ III. ɺʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʩʦʩʪʦʷʥʠʷ ʜʦʣʞʥʘ ʫʜʦʚʣʝʪʚʦʨʷʪʴ 

ʫʨʘʚʥʝʥʠʶ ʐʨʝʜʠʥʛʝʨʘ: 

2
2 ( , )

( ) ( , )
2

t
U t i

m t

å õ µY
- Ð + Y =æ ö

µç ÷

r
r r  

ʇʨʠʤʝʯʘʥʠʝ: ɽʩʣʠ ʩʠʩʪʝʤʘ ʠʟʦʣʠʨʦʚʘʥʥʘʷ, ʪ.ʝ. ʫ ʥʝʝ ʩʦʭʨʘʥʷʝʪʩʷ ʧʦʣʥʘʷ 

ʵʥʝʨʛʠʷ E, ʪʦ ʚʨʝʤʝʥʥʦʝ ʋʐ ʩʚʦʜʠʪʩʷ ʢ ʩʪʘʮʠʦʥʘʨʥʦʤʫ ʋʐ: 

2

2

2
( ) ( ( )) ( ) 0

m
E UÐ Y + - Y =r r r   

4. ʇʦʩʪʫʣʘʪ IV. ʂʘʞʜʦʡ ʜʠʥʘʤʠʯʝʩʢʦʡ ʧʝʨʝʤʝʥʥʦʡ F ʩʠʩʪʝʤʳ (ʢʦʦʨʜʠʥʘʪʘ, 

ʠʤʧʫʣʴʩ, ʵʥʝʨʛʠʷ ʠ ʪ.ʜ.) ʩʪʘʚʠʪʩʷ ʚ ʩʦʦʪʚʝʪʩʪʚʠʝ ʣʠʥʝʡʥʳʡ 

ʩʘʤʦʩʦʧʨʷʞʝʥʥʳʡ ʦʧʝʨʘʪʦʨ ĔF. ɺʩʝ ʬʫʥʢʮʠʦʥʘʣʴʥʳʝ ʦʪʥʦʰʝʥʠʷ ʤʝʞʜʫ 

ʚʝʣʠʯʠʥʘʤʠ ʢʣʘʩʩʠʯʝʩʢʦʡ ʤʝʭʘʥʠʢʠ ʚ ʢʚʘʥʪʦʚʦʡ ʤʝʭʘʥʠʢʝ ʟʘʤʝʥʷʶʪʩʷ 

ʦʪʥʦʰʝʥʠʷʤʠ ʤʝʞʜʫ ʦʧʝʨʘʪʦʨʘʤʠ. 

5. ʇʦʩʪʫʣʘʪ V. ɽʜʠʥʩʪʚʝʥʥʦ ʚʦʟʤʦʞʥʳʤʠ ʥʘʙʣʶʜʘʝʤʳʤʠ ʟʥʘʯʝʥʠʷʤʠ, 

ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʙʳʪʴ ʧʦʣʫʯʝʥʳ ʧʨʠ ʠʟʤʝʨʝʥʠʠ ʬʠʟʠʯʝʩʢʦʡ ʚʝʣʠʯʠʥʳ F, 

ʷʚʣʷʶʪʩʷ ʩʦʙʩʪʚʝʥʥʳʝ ʟʥʘʯʝʥʠʷ Fi ʦʧʝʨʘʪʦʨʘ ʵʪʦʡ ʚʝʣʠʯʠʥʳĔF   

Ĕ
i i iF FY = Y.  

ʉʣʝʜʩʪʚʠʝ 1: ɽʩʣʠ ʚʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ Y ʩʠʩʪʝʤʳ ʷʚʣʷʝʪʩʷ ʩʦʙʩʪʚʝʥʥʦʡ 

ʬʫʥʢʮʠʝʡ ʦʧʝʨʘʪʦʨʘĔF, ʪʦ ʠʟʤʝʨʝʥʠʝ ʵʪʦʡ ʚʝʣʠʯʠʥʳ ʜʘʩʪ ʝʜʠʥʩʪʚʝʥʥʦʝ 



35 
 

ʟʥʘʯʝʥʠʝ Fi. ɽʩʣʠ ɺʌ ʩʠʩʪʝʤʳ ʥʝ ʷʚʣʷʝʪʩʷ ʉʌ ʜʘʥʥʦʛʦ ʦʧʝʨʘʪʦʨʘ, ʪʦ ʝʝ 

ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʉʌ 
iY : 

i i

i

cY= Yä  

(ʜʣʷ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʜʦʣʞʥʦ ʚʳʧʦʣʥʷʪʴʩʷ ʩʦʦʪʥʦʰʝʥʠʝ 
2

1i

i

c =ä ). ɺ 

ʵʪʦʤ ʩʣʫʯʘʝ ʠʟʤʝʨʝʥʠʝ ʜʘʩʪ ʦʜʥʦ ʠʟ ʟʥʘʯʝʥʠʡ Fi ʩ ʚʝʨʦʷʪʥʦʩʪʴʶ 
2

i iP c= . 

ʉʣʝʜʩʪʚʠʝ 2: ɽʩʣʠ ʩʠʩʪʝʤʘ ʥʘʭʦʜʠʪʩʷ ʚ ʩʦʩʪʦʷʥʠʠ, ʦʧʠʩʳʚʘʝʤʦʤ 

ʥʦʨʤʠʨʦʚʘʥʥʦʡ ɺʌ Y, ʪʦ ʩʨʝʜʥʝʝ ʟʥʘʯʝʥʠʝ <F> ʠʟʤʝʨʝʥʠʡ ʬʠʟʠʯʝʩʢʦʡ 

ʚʝʣʠʯʠʥʳ F ʦʧʨʝʜʝʣʷʝʪʩʷ ʩʦʦʪʥʦʰʝʥʠʝʤ: 

* *Ĕ Ĕ

V

F F dV F< >= Y Y ¹ Y Yñ  

 

ʉʣʝʜʩʪʚʠʝ 3: ɼʚʝ ʬʠʟʠʯʝʩʢʠʝ ʚʝʣʠʯʠʥʳ, ʦʧʠʩʳʚʘʶʱʠʝ ʜʘʥʥʫʶ ʩʠʩʪʝʤʫ,  

ʤʦʛʫʪ ʙʳʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʦʧʨʝʜʝʣʝʥʳ (ʪ.ʝ. ʨʝʟʫʣʴʪʘʪʳ ʠʟʤʝʨʝʥʠʷ ʜʘʜʫʪ 

ʝʜʠʥʩʪʚʝʥʥʳʝ ʟʥʘʯʝʥʠʷ) ʪʦʣʴʢʦ ʝʩʣʠ ʠʭ ʦʧʝʨʘʪʦʨʳ ʢʦʤʤʫʪʠʨʫʶʪ:

Ĕ ĔĔ ĔFG GF=  (ʥʝʦʙʭʦʜʠʤʦʝ ʠ ʜʦʩʪʘʪʦʯʥʦʝ ʫʩʣʦʚʠʝ ʪʦʛʦ, ʯʪʦ ʫ ʦʧʝʨʘʪʦʨʦʚ 

ʝʩʪʴ ʦʙʱʠʝ ʩʦʙʩʪʚʝʥʥʳʝ ʬʫʥʢʮʠʠ). 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ:  

(ʥʝʦʙʭʦʜʠʤʦʩʪʴ):    (ʜʦʩʪʘʪʦʯʥʦʩʪʴ): 

ĔĔ ,

ĔĔ Ĕ Ĕ

Ĕ Ĕ ĔĔ

Ĕ ĔĔ Ĕ

F f G g

FG Fg gF gf

GF Gf fG fg

FG GF

Y= Y Y= Y

Y= Y= Y= Y

Y= Y= Y= Y

Ý =

        

Ĕ ĔĔ Ĕ

Ĕ

Ĕ Ĕ ĔĔ Ĕ

Ĕ ,

FG GF

Fu fu

FGu GFu Gfu

Gy gy y fu Gu gu

=

=

= =

Ý = = Ý =
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ʇʨʝʜʩʪʘʚʣʝʥʠʝ ɺʌ ʠ ʦʧʝʨʘʪʦʨʦʚ ʚʝʢʪʦʨʘʤʠ ʠ ʤʘʪʨʠʮʘʤʠ. 

ʇʫʩʪʴ ʫ ʥʘʩ ʠʤʝʝʪʩʷ ʥʝʢʦʪʦʨʘʷ, ʚʦʟʤʦʞʥʦ ʙʝʩʢʦʥʝʯʥʘʷ, ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʬʫʥʢʮʠʡ 

ij, i=1,2,3é . ʌʫʥʢʮʠʠ ʚʳʙʨʘʥʳ ʪʘʢ, ʯʪʦ ʣʶʙʫʶ ʜʨʫʛʫʶ ʬʫʥʢʮʠʶ ʠʟ ʦʧʨʝʜʝʣʝʥʥʦʛʦ 

ʢʣʘʩʩʘ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʣʠʥʝʡʥʦʡ ʢʦʤʙʠʥʘʮʠʠ 

1 1 2 2 3 3 ...c c cj j jY= + + +     (11) 

ʊʘʢʫʶ ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʴ ʬʫʥʢʮʠʡ ʥʘʟʳʚʘʶ ʙʘʟʠʩʦʤ ʧʨʦʩʪʨʘʥʩʪʚʘ ʜʘʥʥʦʛʦ ʢʣʘʩʩʘ 

ʬʫʥʢʮʠʡ, ʘ ʚʳʨʘʞʝʥʠʝ ʪʠʧʘ (11) ï ʨʘʟʣʦʞʝʥʠʝʤ ʧʦ ʜʘʥʥʦʤʫ ʙʘʟʠʩʫ. 

ʇʨʠʤʝʨ:  

1. ʃʶʙʦʡ ʧʦʣʠʥʦʤ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʨʘʟʣʦʞʝʥʠʷ ʧʦ 

ʧʦʩʣʝʜʦʚʘʪʝʣʴʥʦʩʪʠ ʬʫʥʢʮʠʡ x
i
 

2. ʃʶʙʫʶ ʧʝʨʠʦʜʠʯʝʩʢʫʶ ʬʫʥʢʮʠʶ ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ 

ʨʘʟʣʦʞʝʥʠʷ ʧʦ ʬʫʥʢʮʠʷʤ (ʨʷʜ ʌʫʨʴʝ):  

1, cosx, sinx, cos2x, sin2x, cos3x, sin3xé. 

ɽʩʣʠ ʜʣʷ ʙʘʟʠʩʥʳʭ ʬʫʥʢʮʠʡ ʚʳʧʦʣʥʷʶʪʩʷ ʩʚʦʡʩʪʚʦ: 

0,
( ) ( )

1,
i i

X

i j
x x dx

i j
j j

  ¸ë
=ì
   =í

ñ , 

ʪʦ ʪʘʢʦʡ ʙʘʟʠʩ ʥʘʟʳʚʘʶʪ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʤ. ɺ ʩʣʫʯʘʝ ʢʦʤʧʣʝʢʩʥʦʟʥʘʯʥʳʭ 

ʬʫʥʢʮʠʡ ʥʝʩʢʦʣʴʢʠʭ ʧʝʨʝʤʝʥʥʳʭ ʵʪʦ ʫʩʣʦʚʠʝ ʟʘʧʠʩʳʚʘʝʪʩʷ ʢʘʢ: 
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*
0,

( ) ( )
1,

i i

V

i j
q q dq

i j
j j

  ¸ë
=ì
   =í

ñ      (12) 

ʊʘʢʦʛʦ ʨʦʜʘ ʠʥʪʝʛʨʘʣʳ ʧʨʠʥʷʪʦ ʦʙʦʟʥʘʯʘʪʴ ( ),i jj j  ʠʣʠ i jj j. ʀʭ ʯʘʩʪʦ ʥʘʟʳʚʘʶʪ 

ʩʢʘʣʷʨʥʳʤ ʧʨʦʠʟʚʝʜʝʥʠʝʤ ʜʚʫʭ ʬʫʥʢʮʠʡ. 

ɽʩʣʠ ʚ ʢʘʢʦʤ-ʣʠʙʦ ʢʣʘʩʩʝ ʬʫʥʢʮʠʡ ʟʘʜʘʥ ʙʘʟʠʩ, ʪʦ ʣʶʙʫʶ ʬʫʥʢʮʠʶ ʤʦʞʥʦ 

ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ ʚʝʢʪʦʨʘ ʝʛʦ ʢʦʵʬʬʠʮʠʝʥʪʦʚ ʨʘʟʣʦʞʝʥʠʷ: 

1 2( , ,...)c cY­ ¹v  

ɽʩʣʠ ʙʘʟʠʩ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ, ʪʦ ʟʥʘʯʝʥʠʷ ʢʦʤʧʦʥʝʥʪ ʚʝʢʪʦʨʘ ʚʳʯʠʩʣʷʶʪʩʷ ʢʘʢ 

* *( ) ( ) ( ) ( )i i i

V V

c x u x dx u x x dx= Y = Yñ ñ , 

( )( ), ,i i ic j j= Y = Y 

ɼʦʢʘʟʘʪʝʣʴʩʪʚʦ: ʨʘʟʣʦʞʠʪʴ ʧʩʠ ʧʦ ʙʘʟʠʩʫ, ʫʤʥʦʞʠʪʴ ʥʘ ʬʠ, ʧʨʦʠʥʪʝʛʨʠʨʦʚʘʪʴ ʠ 

ʧʨʠʤʝʥʠʪʴ (12). 

ʆʯʝʚʠʜʥʦ, ʯʪʦ ʩʘʤʠ ʙʘʟʠʩʥʳʝ ʬʫʥʢʮʠʠ ʚ ʪʘʢʦʤ ʧʨʝʜʩʪʘʚʣʝʥʠʠ ʝʩʪʴ ʝʜʠʥʠʯʥʳʝ 

ʚʝʢʪʦʨʳ: 

1

2

3

(1,0,0,...)

(0,1,0,...)

(0,0,1,...)

...

j

j

j

­

­

­
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ʇʫʩʪʴ ʧʨʠʤʝʥʝʥʠʝ ʦʧʝʨʘʪʦʨʘ ʢ ʢʘʢʦʡ-ʣʠʙʦ ʬʫʥʢʮʠʠ ʜʘʝʪ ʜʨʫʛʫʶ ʬʫʥʢʮʠʶ ʠʟ ʵʪʦʛʦ 

ʞʝ ʢʣʘʩʩʘ  

ĔA cY=  

ɽʝ ʪʦʞʝ ʤʦʞʥʦ ʨʘʟʣʦʞʠʪʴ ʧʦ ʙʘʟʠʩʫ u 

1 1 2 2 1 2
Ĕ ... ( , ,...)A a a a ac j j= Y= + + ­  

ɹʘʟʠʩ ʥʝ ʦʙʷʟʘʪʝʣʴʥʦ ʜʦʣʞʝʥ ʙʳʪʴ ʙʝʩʢʦʥʝʯʥʦʤʝʨʥʳʤ. ʉ ʧʨʘʢʪʠʯʝʩʢʦʡ ʪʦʯʢʠ ʟʨʝʥʠʷ 

ʨʘʟʣʦʞʝʥʠʝ (11) ʤʦʞʥʦ ʦʙʦʨʚʘʪʴ ʥʘ ʪʘʢʦʤ ʯʣʝʥʝ, ʢʦʛʜʘ ʚʢʣʘʜ ʧʦʩʣʝʜʫʶʱʠʭ 

ʩʣʘʛʘʝʤʳʭ ʜʘʝʪ ʧʨʝʥʝʙʨʝʞʠʤʦ ʤʘʣʳʡ ʵʬʬʝʢʪ. ʊʦʛʜʘ ʢʘʞʜʳʡ ʠʟ ʚʝʢʪʦʨʦʚ, 

ʧʨʝʜʩʪʘʚʣʷʶʱʠʭ ʬʫʥʢʮʠʶ, ʧʨʝʚʨʘʱʘʝʪʩʷ ʚ ʦʙʳʯʥʳʡ ʢʦʥʝʯʥʦʤʝʨʥʳʡ ʚʝʢʪʦʨ 

ʨʘʟʤʝʨʥʦʩʪʠ n. 

ʈʘʩʩʤʦʪʨʠʤ ʪʝʧʝʨʴ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ ʙʘʟʠʩ ʢʦʥʝʯʥʦʡ ʨʘʟʤʝʨʥʦʩʪʠ n: 
1 2 3, , ... nj j j j

ʇʦʜʝʡʩʪʚʫʝʤ ʢʘʢʠʤ-ʣʠʙʦ ʣʠʥʝʡʥʳʤ ʦʧʝʨʘʪʦʨʦʤ ĔAʥʘ ʥʝʢʦʪʦʨʫʶ ʬʫʥʢʮʠʶ 

1 1 2 2 ... n nc c cj j jY= + + : 

1 2 1 2
Ĕ Ĕ Ĕ Ĕ... n nA c A c A c Aj j jY= + + +  

ʅʦ ʜʝʡʩʪʚʠʝ ʦʧʝʨʘʪʦʨʘ ʥʘ ʙʘʟʠʩʥʳʝ ʬʫʥʢʮʠʠ ʝʩʪʴ ʚʝʢʪʦʨ, ʢʦʪʦʨʳʡ ʩʘʤ ʤʦʞʝʪ ʙʳʪʴ 

ʨʘʟʣʦʞʝʥ ʧʦ ʙʘʟʠʩʥʳʤ ʬʫʥʢʮʠʷʤ: 

1 11 1 21 2 1 2 12 1 22 2 2

1 1 2 2

Ĕ ( ... ) ( ... ) ...

... ( ... )

n n n n

n n n nn n

A c a a a c a a a

c a a a

j j j j j j

j j j

Y= + + + + + + + +

+ + + +
 

ʉʛʨʫʧʧʠʨʫʝʤ ʯʣʝʥʳ ʧʨʠ ʦʜʠʥʘʢʦʚʳʭ j: 
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11 1 12 2 1 1 21 1 22 2 2 2

1 1 2 2

Ĕ ( ... ) ( ... ) ...

... ( ... )

n n n n

n n nn n n

A a c a c a c a c a c a c

a c a c a c

j j

j

Y= + + + + + + + +

+ + + +
 

ʊ.ʝ. ʤʳ ʧʦʣʫʯʘʝʤ ʚʝʢʪʦʨ 

11 1 12 2 1

21 1 22 2 2

1 1 2 2

...

...
Ĕ

...

...

n n

n n

n n nn n

a c a c a c

a c a c a c
A

a c a c a c

+ + +å õ
æ ö

+ + +æ öY­
æ ö
æ ö

+ + +ç ÷

 

ɺʚʝʜʝʤ ʧʨʘʚʠʣʦ ʤʘʪʨʠʯʥʦʛʦ ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ (n x n):  

1

n

ij ik kj

k

C AB

c a b
=

=

=ä
 

ʇʨʘʚʠʣʦ ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮʳ (n x n) ʥʘ ʚʝʢʪʦʨ (n x 1): 

1

n

i ij j

j

c Ab

c a b
=

=

=ä
  

ʃʝʛʢʦ ʚʠʜʝʪʴ, ʯʪʦ ʪʘʢʦʝ ʦʧʨʝʜʝʣʝʥʠʝ ʜʝʣʘʝʪ ʦʧʝʨʘʮʠʶ ʫʤʥʦʞʝʥʠʷ ʤʘʪʨʠʮ ʠ ʚʝʢʪʦʨʦʚ 

ʣʠʥʝʡʥʦʡ ʦʧʝʨʘʮʠʝʡ: 

( )A a b aA bA+ = +u v u v  

ʉ ʫʯʝʪʦʤ ʵʪʦʛʦ ʦʧʨʝʜʝʣʝʥʠʷ 

111 12 13

21 22 23 2

31 32 33 3

ca a a

A a a a c

a a a c

å õå õ
æ öæ ö

Y­ æ öæ ö
æ öæ ö
ç ÷ç ÷
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ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʚʳʙʨʘʥʥʦʤ ʙʘʟʠʩʝ ʣʠʥʝʡʥʳʡ ʦʧʝʨʘʪʦʨ ʧʨʝʜʩʪʘʚʣʷʝʪʩʷ ʚ ʚʠʜʝ 

ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ ʧʦʩʪʦʷʥʥʳʭ ʢʦʵʬʬʠʮʠʝʥʪʦʚ: 

11 1

1

Ĕ
n

n nn

a a

A A

a a

å õ
æ ö

­ ¹
æ ö
æ ö
ç ÷

 

ɻʜʝ ʢʦʵʬʬʠʮʠʝʥʪʳ ʘ ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʨʘʟʣʦʞʝʥʠʝ ʦʙʨʘʟʦʚ ʙʘʟʠʩʥʳʭ ʚʝʢʪʦʨʦʚ: 

1 11 1 21 2 1

2 12 1 22 2 2

1 1 2 2

Ĕ ...

Ĕ ...

...

Ĕ ...

n n

n n

n n n nn n

A a a a

A a a a

A a a a

j j j j

j j j j

j j j j

= + + +

= + + +

= + + +

 

(ʦʙʨʘʪʥʳʡ ʧʦʨʷʜʦʢ ʠʥʜʝʢʩʦʚ!) 

ɽʩʣʠ ʙʘʟʠʩ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʳʡ, ʪʦ ʣʝʛʢʦ ʚʠʜʝʪʴ, ʯʪʦ ʢʦʵʬʬʠʮʠʝʥʪʳ ʘ ʝʩʪʴ: 

( )* Ĕ Ĕ,ij i j i j

V

a A dx Aj j j j= ¹ñ  

(ʜʣʷ ʜʦʢʘʟʘʪʝʣʴʩʪʚʘ ʨʘʟʣʦʞʠʤ ʬʫʥʢʮʠʶ Ĕ
jAj  ʧʦ ʙʘʟʠʩʫ, ʫʤʥʦʞʠʤ ʩʣʝʚʘ ʥʘ 

*

ij  ʠ 

ʧʨʦʠʥʪʝʛʨʠʨʫʝʤ. ɺʩʣʝʜʩʪʚʠʝ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʩʪʠ ʥʝʥʫʣʝʚʳʤʠ ʦʩʪʘʥʫʪʩʷ ʪʦʣʴʢʦ ija ) 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʝʟʫʣʴʪʘʪ ʜʝʡʩʪʚʠʷ ʦʧʝʨʘʪʦʨʘ ʥʘ ʧʨʦʠʟʚʦʣʴʥʫʶ ʬʫʥʢʮʠʶ ʝʩʪʴ 

ʤʘʪʨʠʯʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʤʘʪʨʠʮʳ ʦʧʝʨʘʪʦʨʘ ʥʘ ʚʝʢʪʦʨ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʡ ʵʪʦʡ 

ʬʫʥʢʮʠʠ: 
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11 1 12 2 13 31 111 12 13

21 22 23 2 21 1 22 2 23 3 2

31 32 33 3 331 1 32 2 33 3

'

Ĕ '

'

a c a c a cc ca a a

A a a a c a c a c a c c

a a a c ca c a c a c

+ +å õå õ å õå õ
æ öæ ö æ öæ ö

Y­ = + + ¹æ öæ ö æ öæ ö
æ öæ ö æ öæ ö+ +ç ÷ç ÷ ç ÷ç ÷

 

ʀʥʪʝʛʨʘʣ ʦʪ ʧʨʦʠʟʚʝʜʝʥʠʷ ʜʚʫʭ ʬʫʥʢʮʠʡ ʝʩʪʴ ʩʢʘʣʷʨʥʦʝ ʧʨʦʠʟʚʝʜʝʥʠʝ ʚʝʢʪʦʨʦʚ: 

( ) ( )
1

*

1 2 1 2 1 2 3 2 1 1 2 2 3 3

3

, , ,
V

b

dx a a a b a b a b a b

b

å õ
æ ö

Y Y ¹ Y Y ­ = + +æ ö
æ ö
ç ÷

ñ  

ʀʥʪʝʛʨʘʣ ʪʠʧʘ  

( )
111 12 13

1 2 1 2 3 21 22 23 2

31 32 33 3

Ĕ( , ) , ,

ca a a

A b b b a a a c

a a a c

å õå õ
æ öæ ö

Y Y ­ æ öæ ö
æ öæ ö
ç ÷ç ÷

 

ɽʩʣʠ ʫʤʥʦʞʝʥʠʝ ʤʘʪʨʠʮʳ ʥʘ ʚʝʢʪʦʨ ʜʘʝʪ ʪʦʪ ʞʝ ʚʝʢʪʦʨ, ʫʤʥʦʞʝʥʥʳʡ ʥʘ ʥʝʥʫʣʝʚʦʝ 

ʯʠʩʣʦ, ʪʦ ʪʘʢʦʡ ʚʝʢʪʦʨ ʥʘʟʳʚʘʝʪʩʷ ʩʦʙʩʪʚʝʥʥʳʤ ʚʝʢʪʦʨʦʤ, ʘ ʯʠʩʣʦ - ʩʦʙʩʪʚʝʥʥʳʤ 

ʟʥʘʯʝʥʠʝʤ ʤʘʪʨʠʮʳ: 

1 111 12 13

21 22 23 2 2

31 32 33 3 3

u ua a a

a a a u u

a a a u u

Au u

l

l

å õ å õå õ
æ ö æ öæ ö

=æ ö æ öæ ö
æ öæ ö æ ö
ç ÷ç ÷ ç ÷

=

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚʳʙʦʨ ʦʨʪʦʥʦʨʤʠʨʦʚʘʥʥʦʛʦ ʙʘʟʠʩʘ ʚ ʧʨʦʩʪʨʘʥʩʪʚʝ ʬʫʥʢʮʠʡ 

ʦʧʨʝʜʝʣʝʥʥʦʛʦ ʢʣʘʩʩʘ ʧʦʟʚʦʣʷʝʪ ʩʚʝʩʪʠ ʦʧʝʨʘʮʠʠ ʩ ʦʧʝʨʘʪʦʨʘʤʠ ʢ ʦʧʝʨʘʮʠʷʤ ʩ 

ʤʘʪʨʠʮʘʤʠ ʠ ʚʝʢʪʦʨʘʤʠ, ʯʪʦ ʛʦʨʘʟʜʦ ʧʨʦʱʝ ʠ ʫʜʦʙʥʝʝ. 
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ʅʝʢʦʪʦʨʳʝ ʩʚʦʡʩʪʚʘ ʤʘʪʨʠʮ ʠ ʦʧʝʨʘʮʠʡ ʥʘʜ ʥʠʤʠ: 

1. ʆʧʝʨʘʮʠʷ ʪʨʘʥʩʧʦʥʠʨʦʚʘʥʠʷ ʢʚʘʜʨʘʪʥʦʡ ʤʘʪʨʠʮʳ ʦʧʨʝʜʝʣʷʝʪʩʷ ʢʘʢ: 

11 1 11 1

1 1

( )T

ij ji

T

n n

T

n nn n nn

a a

a a a a

A

a a a a

=

å õ å õ
æ ö æ ö
= =    
æ ö æ ö
æ ö æ ö
ç ÷ ç ÷

 

2. ʄʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʝʜʠʥʠʯʥʦʡ, ʝʩʣʠ  

1,
,

0,

1

1

0

0

ij

i j
a

i j

=ë
=     ì

¸í

å õ
æ ö

I= æ ö
æ ö
ç ÷

 

3. ʄʘʪʨʠʮʘ A
-1
 ʥʘʟʳʚʘʝʪʩʷ ʦʙʨʘʪʥʦʡ ʤʘʪʨʠʮʝ ɸ, ʝʩʣʠ 

1 1A A AA I- -= = 

4. ʄʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʩʠʤʤʝʪʨʠʯʥʦʡ, ʝʩʣʠ 

( )

ij ji

T

a a

A A

=

=
 

5. ʂʦʤʧʣʝʢʩʥʘʷ ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʵʨʤʠʪʦʚʦʡ, ʝʩʣʠ 

*

À *

( )

( )

ij ji

T

a a

A A A

=

¹ =
 (ʘʥʘʣʦʛ ʩʠʤʤʝʪʨʠʯʥʦʡ ʜʣʷ ʢʦʤʧʣʝʢʩʥʦʡ ʤʘʪʨʠʮʳ) 

6. ɼʝʡʩʪʚʠʪʝʣʴʥʘʷ ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʦʨʪʦʛʦʥʘʣʴʥʦʡ, ʝʩʣʠ 

1

( )

T

T T

A A

A A AA I

-=

= =
 

7. ʂʦʤʧʣʝʢʩʥʘʷ ʤʘʪʨʠʮʘ ʥʘʟʳʚʘʝʪʩʷ ʫʥʠʪʘʨʥʦʡ, ʝʩʣʠ 
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À * 1( )TA A A-¹ =  (ʘʥʘʣʦʛ ʦʨʪʦʛʦʥʘʣʴʥʦʡ) 

8. ʉʠʤʤʝʪʨʠʯʥʳʝ ʠ ʵʨʤʠʪʦʚʳ ʤʘʪʨʠʮʳ ʠʤʝʶʪ ʪʦʣʴʢʦ ʜʝʡʩʪʚʠʪʝʣʴʥʳʝ 

ʩʦʙʩʪʚʝʥʥʳʝ ʟʥʘʯʝʥʠʷ.  

9. ʆʨʪʦʛʦʥʘʣʴʥʳʝ ʠ ʫʥʠʪʘʨʥʳʝ ʤʘʪʨʠʮ r ʥʝ ʤʝʥʷʪʁ ʫʛʣʦʚ ʤʝʞʜʫ 

ʧʨʝʦʙʨʘʟʫʝʤʳʤʠ ʚʝʢʪʦʨʘʤʠ ʠ ʜʣʠʥʫ ʚʝʢʪʦʨʦʚ. ʀʟʤʝʥʷʝʪʩʷ ʪʦʣʴʢʦ 

ʦʨʠʝʥʪʘʮʠʷ ʵʪʠʭ ʚʝʢʪʦʨʦʚ ʦʪʥʦʩʠʪʝʣʴʥʦ  ʦʩʝʡ ʢʦʦʨʜʠʥʘʪ. ʊ.ʝ. ʵʪʦ ʤʘʪʨʠʮʳ 

ʚʨʘʱʝʥʠʡ ʠ ʦʪʨʘʞʝʥʠʡ. 

 

ɻʝʦʤʝʪʨʠʯʝʩʢʘʷ ʘʥʘʣʦʛʠʷ 

ʇʨʠʤʝʨʳ ʦʨʪʦʛʦʥʘʣʴʥʳʭ ʤʘʪʨʠʮ: 

1. ʄʘʪʨʠʮʳ ʚʨʘʱʝʥʠʷ ʚʝʢʪʦʨʘ ʚʦʢʨʫʛ ʦʩʠ ʢʦʦʨʜʠʥʘʪ ʥʘ ʫʛʦʣ ʬʠ - 

ʦʨʪʦʛʦʥʘʣʴʥʘʷ ʤʘʪʨʠʮʘ. 

2. ʄʘʪʨʠʮʳ ʦʪʨʘʞʝʥʠʷ ʚ ʧʣʦʩʢʦʩʪʠ - ʦʨʪʦʛʦʥʘʣʴʥʘʷ ʤʘʪʨʠʮʘ. 

3. ʄʘʪʨʠʮʘ ʤʦʤʝʥʪʦʚ ʠʥʝʨʮʠʠ ï ʩʠʤʤʝʪʨʠʯʥʘʷ ʤʘʪʨʠʮʘ. 
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ʆʜʥʦʤʝʨʥʦʝ ʜʚʠʞʝʥʠʝ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ 

ʉʚʦʙʦʜʥʦʡ ʥʘʟʳʚʘʝʪʩʷ ʯʘʩʪʠʮʘ, ʧʦʪʝʥʮʠʘʣʴʥʘʷ ʵʥʝʨʛʠʷ ʢʦʪʦʨʦʡ ʚ ʣʶʙʦʡ ʪʦʯʢʝ 

ʧʨʦʩʪʨʘʥʩʪʚʘ ʦʜʠʥʘʢʦʚʘ (U=const). ʇʦʩʢʦʣʴʢʫ ʧʦʪʝʥʮʠʘʣʴʥʘʷ ʵʥʝʨʛʠʷ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ 

ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʩʪʦʷʥʥʦʛʦ ʩʣʘʛʘʝʤʦʛʦ, ʚʩʝʛʜʘ ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ʚ ʵʪʦʤ ʩʣʫʯʘʝ U=0. 

ʆʜʥʦʤʝʨʥʦʝ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ ʜʣʷ ʪʘʢʦʛʦ ʩʣʫʯʘʷ ʝʩʪʴ: 

2

2

2
0

m
i

x t

µ Y µY
+ =

µ µ
 

ʈʘʩʩʤʦʪʨʠʤ ʬʫʥʢʮʠʶ: 

( , ) ( ) i tx t C x e w-Y = Y  

ɿʜʝʩʴ ʉ ï ʧʦʩʪʦʷʥʥʘʷ (ʚʦʟʤʦʞʥʦ ʢʦʤʧʣʝʢʩʥʘʷ), w ï ʜʝʡʩʪʚʠʪʝʣʴʥʘʷ ʧʦʩʪʦʷʥʥʘʷ, 

(ʝʝ ʜʝʡʩʪʚʠʪʝʣʴʥʦʩʪʴ ʦʙʝʩʧʝʯʠʪ ʩʦʢʨʘʱʝʥʠʝ ʤʥʠʤʦʡ ʝʜʠʥʠʮʳ), ʬʠʟʠʯʝʩʢʠʡ ʩʤʳʩʣ 

ʢʦʪʦʨʦʡ ï ʮʠʢʣʠʯʝʩʢʘʷ ʯʘʩʪʦʪʘ ʚʦʣʥʳ ɼʝ ɹʨʦʡʣʷ. 

2
''( ) ( )( ) 0

2
( ) '' ( ) 0

i t i tm
Ce x i C x i e

m
x x

w ww

w

- -Y + Y - =

Y + Y =

 

ʇʫʩʪʴ ʵʥʝʨʛʠʷ ʠ ʠʤʧʫʣʴʩ ʯʘʩʪʠʮʳ: 

 
2

, 2
2

x
x

p
E p mE

m
= =  

ʆʜʥʦʚʨʝʤʝʥʥʦ, ʙʫʜʝʤ ʝʝ ʩʯʠʪʘʪʴ ʚʦʣʥʦʡ ʩ ʵʥʝʨʛʠʝʡ E w= . ʊʦʛʜʘ 
2

2

xE p

m
w= = : 

2

2
( ) '' ( ) 0xp
x xY + Y = 
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ʃʝʛʢʦ ʚʠʜʝʪʴ, ʯʪʦ ʵʪʦ ï ʩʪʘʮʠʦʥʘʨʥʦʝ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ ʜʣʷ U=0. ʇʦ ʬʦʨʤʝ 

ï ʵʪʦ ʦʙʳʯʥʦʝ ʫʨʘʚʥʝʥʠʝ ʛʘʨʤʦʥʠʯʝʩʢʠʭ ʢʦʣʝʙʘʥʠʡ. ʏʘʩʪʥʳʝ ʨʝʰʝʥʠʷ ʵʪʦʛʦ 

ʫʨʘʚʥʝʥʠʷ (ʤʦʞʥʦ ʫʙʝʜʠʪʴʩʷ ʧʦʜʩʪʘʥʦʚʢʦʡ): 

( / )
( ) xi p x
x Ae

-
Y =  ʠ 

( / )
( ) xi p x
x BeY =  

ʀʭ ʤʦʞʥʦ ʠʥʪʝʨʧʨʝʪʠʨʦʚʘʪʴ ʢʘʢ ʜʚʠʞʝʥʠʷ ʚ ʨʘʟʥʳʭ ʥʘʧʨʘʚʣʝʥʠʷʭ ʩ ʠʤʧʫʣʴʩʘʤʠ 

+px ʠ ïpx. ʊʦʛʜʘ ʦʙʱʝʝ ʨʝʰʝʥʠʝ: 

( / )( ) ( / )( )
( , ) x xi Et p x i Et p x
x t Ae Be

- - - +
Y = +  

ɿʜʝʩʴ ɸ ʠ ɺ ï ʧʦʩʪʦʷʥʥʳʝ ʢʦʵʬʬʠʮʠʝʥʪʳ, ʦʧʨʝʜʝʣʷʝʤʳʝ ʫʩʣʦʚʠʷʤʠ ʟʘʜʘʯʠ. ɺ 

ʦʙʱʝʤ ʩʣʫʯʘʝ ï ʨʝʰʝʥʠʝ ï ʣʠʥʝʡʥʘʷ ʢʦʤʙʠʥʘʮʠʷ ʜʚʫʭ ʧʣʦʩʢʠʭ ʚʦʣʥ, ʙʝʛʫʱʠʭ 

ʚʧʨʘʚʦ ʠ ʚʣʝʚʦ ʧʦ ʦʩʠ x. 

ɽʩʣʠ ʧʦ ʫʩʣʦʚʠʷʤ ʟʘʜʘʯʠ ʠʟʚʝʩʪʥʦ, ʯʪʦ ʯʘʩʪʠʮʘ ʜʚʠʞʝʪʩʷ ʩ ʠʤʧʫʣʴʩʦʤ px>0 

(ʚʧʨʘʚʦ), ʪʦ 

( / )( )( , ) i Et pxx t Ae- -Y =  

ʇʦʩʢʦʣʴʢʫ ʵʪʦ ʨʝʰʝʥʠʝ ʧʦʣʫʯʝʥʦ ʧʨʠ ʧʨʦʠʟʚʦʣʴʥʦʤ ʟʥʘʯʝʥʠʠ E>0, ʪʦ E ʤʦʞʝʪ 

ʧʨʠʥʠʤʘʪʴ ʣʶʙʦʝ ʧʦʣʦʞʠʪʝʣʴʥʦʝ ʟʥʘʯʝʥʠʝ. ʉʧʝʢʪʨ ʵʥʝʨʛʠʡ ï ʥʝʧʨʝʨʳʚʥʳʡ 

ʧʦʣʦʞʠʪʝʣʴʥʳʡ. ʀʤʧʫʣʴʩ ʦʜʥʦʟʥʘʯʥʦ ʩʚʷʟʘʥ ʩ ʵʥʝʨʛʠʝʡ 2xp mE= , ʩʣʝʜʦʚʘʪʝʣʴʥʦ 

ʦʥ ʪʘʢʞʝ ʤʦʞʝʪ ʧʨʠʥʠʤʘʪʴ ʣʶʙʳʝ ʘʙʩʦʣʶʪʥʳʝ ʟʥʘʯʝʥʠʷ.  

ʆʧʝʨʘʪʦʨʳ ʵʥʝʨʛʠʠ ʠ ʠʤʧʫʣʴʩʘ ʢʦʤʤʫʪʠʨʫʶʪ: 

2 2 3 3

2 3

2 2 3 3

2 3

ĔĔ ( )
2 2

ĔĔ ( )
2 2

x

x

H p i i
m x x m x

p H i i
x m x m x

µ µ µ
Ö = - =-

µ µ µ

µ µ µ
Ö = - =-

µ µ µ
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ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʵʥʝʨʛʠʶ ʠ ʠʤʧʫʣʴʩ ʯʘʩʪʠʮʳ ʤʦʞʥʦ ʠʟʤʝʨʠʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʚ 

ʣʶʙʦʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ. 

ʂʦʵʬʬʠʮʠʝʥʪ ɸ ʜʦʣʞʝʥ ʦʙʝʩʧʝʯʠʚʘʪʴ ʥʦʨʤʠʨʦʚʢʫ ɺʌ ʚ ʣʶʙʦʡ ʤʦʤʝʥʪ ʚʨʝʤʝʥʠ, 

ʪ.ʝ. 

2
( , ) 1

V

x t dxY =ñ  

ʅʦʨʤʠʨʦʚʢʘ ʧʦ ʦʙʳʯʥʦʤʫ ʧʨʘʚʠʣʫ ʜʣʷ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ ʥʝʚʦʟʤʦʞʥʘ, ʪ.ʢ. 

ʠʥʪʝʛʨʘʣ  

2 2 ( / )i p xA e dx

¤

-

-¤

=¤ñ  

ɼʣʷ ʥʦʨʤʠʨʦʚʢʠ ʠʩʧʦʣʴʟʫʶʪ ʠʥʳʝ ʧʨʘʚʠʣʘ, ʚʳʙʨʘʥʥʳʝ ʠʟ ʨʘʟʣʠʯʥʳʭ 

ʬʠʟʠʯʝʩʢʠʭ ʩʦʦʙʨʘʞʝʥʠʡ. ʅʘʧʨʠʤʝʨ, ʤʦʞʥʦ ʩʯʠʪʘʪʴ, ʯʪʦ ʯʘʩʪʠʮʘ ʣʦʢʘʣʠʟʦʚʘʥʘ ʚ 

ʙʦʣʴʰʦʤ ʠʥʪʝʨʚʘʣʝ ʢʦʦʨʜʠʥʘʪ [ïL,L]. ɺ ʙʦʣʴʰʠʥʩʪʚʝ ʟʘʜʘʯ ʥʦʨʤʠʨʦʚʦʯʥʳʡ 

ʤʥʦʞʠʪʝʣʴ ʜʣʷ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ ʥʝ ʠʛʨʘʝʪ ʨʦʣʠ, ʧʦʵʪʦʤʫ ʤʳ ʝʛʦ ʥʝ ʨʘʩʩʤʘʪʨʠʚʘʝʤ. 

 

ʊʨʝʭʤʝʨʥʦʝ ʜʚʠʞʝʥʠʝ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ. 

ɸʥʘʣʦʛʠʯʥʦ ʦʜʥʦʤʝʨʥʦʤʫ ʜʚʠʞʝʥʠʶ, ʜʚʠʞʝʥʠʝ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ ʚ 3-ʤʝʨʥʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ ʦʧʠʩʳʚʘʝʪʩʷ ʫʨʘʚʥʝʥʠʝʤ ʐʨʝʜʠʥʛʝʨʘ  

2
2 ( , , , )

( , , , )
2

x y z t
x y z t i

m t

µY
- Ð Y =

µ
 

ɽʩʣʠ ʠʩʢʘʪʴ ʨʝʰʝʥʠʝ ʚ ʚʠʜʝ ( , ) ( ) i tx t C x e w-Y = Y , ʪʦ ʢʦʦʨʜʠʥʘʪʥʘʷ ʯʘʩʪʴ ɺʌ 

ʫʨʘʚʥʝʥʠʝ ʙʫʜʝʪ 

2
2

2
( , , ) ( , , ) 0

p
x y z x y zÐ Y + Y = 
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ʈʝʰʝʥʠʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʧʨʝʜʩʪʘʚʣʷʝʪ ʩʦʙʦʡ ʩʫʧʝʨʧʦʟʠʮʠʶ ʜʚʫʭ ʧʣʦʩʢʠʭ ʚʦʣʥ, 

ʨʘʩʧʨʦʩʪʨʘʥʷʶʱʠʭʩʷ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʚʝʢʪʦʨʘ ( , , )x y zr r r=r  ʠ ʦʙʨʘʪʥʦ. ʕʥʝʨʛʠʷ ʩʚʷʟʘʥʘ 

ʩ ʠʤʧʫʣʴʩʦʤ ʯʘʩʪʠʮʳ ʢʘʢ 

2 2 2 2

2 2

x y zp p p
E

m m

+ +
= =

p
: 

( / )( ) ( / )( )( , ) i Et i Etx t Ae Be- - -Y = +pr pr
  

ʕʥʝʨʛʠʷ ʠʤʝʝʪ ʥʝʧʨʝʨʳʚʥʳʡ ʩʧʝʢʪʨ >0, ʵʥʝʨʛʠʷ ʠ ʠʤʧʫʣʴʩ ʦʜʥʦʚʨʝʤʝʥʥʦ 

ʠʟʤʝʨʠʤʳ. ʂʦʦʨʜʠʥʘʪʘ ʠ ʠʤʧʫʣʴʩ ʥʝ ʢʦʤʤʫʪʠʨʫʶʪ, ʯʪʦ ʦʟʥʘʯʘʝʪ, ʯʪʦ ʦʥʠ ʥʝ ʤʦʛʫʪ 

ʙʳʪʴ ʦʜʥʦʚʨʝʤʝʥʥʦ ʠʟʤʝʨʝʥʳ (ʝʩʣʠ ʤʳ ʣʦʢʘʣʠʟʫʝʤ ʯʘʩʪʠʮʫ ʚ ʟʘʤʢʥʫʪʦʤ 

ʧʨʦʩʪʨʘʥʩʪʚʝ, ʦʥʘ ʠʤʝʝʪ ʙʦʣʴʰʫʶ ʥʝʦʧʨʝʜʝʣʝʥʥʦʩʪʴ ʠʤʧʫʣʴʩʘ). 

 

ɼʚʠʞʝʥʠʝ ʯʘʩʪʠʮʳ ʚ ʦʜʥʦʤʝʨʥʦʤ ʙʝʩʢʦʥʝʯʥʦʤ ʧʦʪʝʥʮʠʘʣʴʥʦʤ ʷʱʠʢʝ (ʷʤʝ). 

 

ɹʝʩʢʦʥʝʯʥʳʤ ʦʜʥʦʤʝʨʥʳʤ ʧʦʪʝʥʮʠʘʣʴʥʳʤ ʷʱʠʢʦʤ ʥʘʟʳʚʘʝʪʩʷ ʧʦʪʝʥʮʠʘʣ ʪʠʧʘ 

( ) , 0 ( )

( ) ( ) 0, 0 ( )

( ) , ( )

U x x ʦʙʣʘʩʪʴ I

U x U x x a ʦʙʣʘʩʪʴ II

U x x a ʦʙʣʘʩʪʴ III

=¤   <       ë
î
= =    ¢ ¢       ì
î =¤   >       í

 

ʇʦʩʢʦʣʴʢʫ ʚ ʦʙʣʘʩʪʷʭ ʩ ʙʝʩʢʦʥʝʯʥʦʡ ʵʥʝʨʛʠʝʡ ʯʘʩʪʠʮʘ ʩʫʱʝʩʪʚʦʚʘʪʴ ʥʝ ʤʦʞʝʪ, 

ɺʌ ʨʘʚʥʘ ʥʫʣʶ ʚ ʦʙʣʘʩʪʷʭ I ʠ III. ɺ ʦʙʣʘʩʪʠ II, ʜʚʠʞʝʥʠʝ ʯʘʩʪʠʮʳ ʩʚʦʙʦʜʥʦʝ: 

( / )( ) ( / )( )
( , ) x xi Et p x i Et p x
x t Ae Be

- - - +
Y = +  

ʏʪʦʙʳ ʦʙʝʩʧʝʯʠʪʴ ʥʝʧʨʝʨʳʚʥʦʩʪʴ ɺʌ ʤʝʞʜʫ ʦʙʣʘʩʪʷʤʠ, ʥʘ ʢʦʦʨʜʠʥʘʪʥʫʶ ʯʘʩʪʴ 

ʥʘʢʣʘʜʳʚʘʶʪʩʷ ʫʩʣʦʚʠʷ (ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ): 

(0) 0

( ) 0a

Y =

Y =
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ʊʦʛʜʘ: 

( / )( ) ( / )( )

( / )

0i Et i Et

i Et

Ae Be

Ae

- -

-

+ =

( / ) ( / )i pa i Ete B e-+ ( / ) 0i pae- =
 

ʏʪʦʙʳ ʧʝʨʚʦʝ ʫʨʘʚʥʝʥʠʷ ʚʩʝʛʜʘ ʚʳʧʦʣʥʷʣʦʩʴ, ʥʘʜʦ: A = ïB 

ʀʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ ʤʳ ʧʦʣʫʯʘʝʤ ʫʩʣʦʚʠʝ, ʥʘʣʘʛʘʝʤʦʝ ʥʘ p 

(ʧʦʣʴʟʫʝʤʩʷ ʬʦʨʤʫʣʘʤʠ ʕʡʣʝʨʘ: cos sin , cos sinix ixe x i x e x i x-= +    = -): 

cos( / ) sin( / ) cos( / ) sin( / ) 0

sin( / ) 0

/ ,

A pa Ai pa A pa Ai pa

pa

pa n n Zp

+ - + =

=

= Í

 

,
n

p n Z
a

p
= Í  

ʊ.ʝ., ʛʨʘʥʠʯʥʳʝ ʫʩʣʦʚʠʷ ʚʳʧʦʣʥʷʶʪʩʷ, ʝʩʣʠ , ,A B p n n Z
a

p
=-     =   Í 

( ) ( )

( / ) ( / )( )

( ) cos( / ) sin( / ) cos( / ) sin( / )

( ) 2 sin

i px i pxx Ae Ae

x A px i px A px i px

n
x Ai x

a

p

-Y = -

Y = + - -

å õ
Y = æ ö

ç ÷

 

ʅʘʡʜʝʤ ɸ: 

2 2

0

4 ( ) sin 1

a
n

A i i x dx
a

på õ
- =æ ö

ç ÷
ñ ,     2 1

4 1
2 2

a
A A

a

å õ
=       Ý      =°æ ö

ç ÷
 

ʊʦʛʜʘ  

2
( , ) sin i tn
x t x ie

a a

wp -å õ
Y = æ ö

ç ÷
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ʄʥʠʤʫʶ ʝʜʠʥʠʮʫ ʤʦʞʥʦ ʚʥʝʩʪʠ ʚʦ ʚʨʝʤʝʥʥʫʶ ʯʘʩʪʴ ɺʌ: 

( /2)2
( , ) sin i tn
x t x e

a a

w pp - -å õ
Y = æ ö

ç ÷
  

ɺʦʣʥʦʚʘʷ ʬʫʥʢʮʠʷ ʦʧʨʝʜʝʣʷʝʪʩʷ ʩ ʪʦʯʥʦʩʪʴʶ ʜʦ ʧʦʩʪʦʷʥʥʦʡ ʬʘʟʳ (ʪ.ʝ. ʧʨʠ ʣʶʙʦʡ 

ʬʘʟʝ ɺʌ ʙʫʜʝʪ ʷʚʣʷʪʴʩʷ ʨʝʰʝʥʠʝʤ ʋʐ ï ʤʦʞʥʦ ʧʨʦʚʝʨʠʪʴ ʧʦʜʩʪʘʥʦʚʢʦʡ). ʊʘʢʠʤ 

ʦʙʨʘʟʦʤ, 

2
( , ) sin

2
( ) sin

i tn
x t x e

a a

n
x x

a a

wp

p

-å õ
Y = æ ö

ç ÷

å õ
Y = æ ö

ç ÷

, n=1,2,3é (n=0 ʜʘʝʪ ʥʫʣʝʚʫʶ ɺʌ) 

ʕʥʝʨʛʠʷ ʯʘʩʪʠʮʳ ʚ ʷʱʠʢʝ: 

2 2
2

2

2 2

2

2 2

8

p
E n

m ma

h n
E

ma

p
= =

=

 

ʉʧʝʢʪʨ ʵʥʝʨʛʠʡ ï ʜʠʩʢʨʝʪʥʳʡ. 

ɺʦʣʥʦʚʳʝ ʬʫʥʢʮʠʠ ï ʩʪʦʷʯʠʝ ʚʦʣʥʳ ʚ ʷʱʠʢʝ. ʅʘ ʠʥʪʝʨʚʘʣʝ [0,a] ʫʢʣʘʜʳʚʘʝʪʩʷ n 

ʧʦʣʫʚʦʣʥ. ʆʥʠ ʠʤʝʶʪ n-1 ʫʟʣʦʚʳʭ ʪʦʯʝʢ. 

 

ʏʘʩʪʠʮʘ ʚ ʷʱʠʢʝ ʩ ʢʦʥʝʯʥʳʤʠ ʩʪʝʥʢʘʤʠ: 



50 
 

1

1

( ) , 0 ( )

( ) ( ) 0, 0 ( )

( ) , ( )

U x U x ʦʙʣʘʩʪʴ I

U x U x x a ʦʙʣʘʩʪʴ II

U x U x a ʦʙʣʘʩʪʴ III

=    <       ë
î
= =    ¢ ¢       ì
î =    >       í

 

ɺ ʵʪʦʤ ʩʣʫʯʘʝ ʨʝʰʝʥʠʝ ʚ ʦʙʣʘʩʪʠ II  ï ʢʘʢ ʚ ʧʨʝʜʳʜʫʱʝʤ ʩʣʫʯʘʝ. ɺ ʦʙʣʘʩʪʷʭ I ʠ III  

ʋʐ: 

2 2

12
( , )

2
U x t i

m x t

å õµ µY
- + Y =æ ö

µ µç ÷
 

ʇʦʩʢʦʣʴʢʫ ʥʘ ʩʠʩʪʝʤʫ ʥʝ ʜʝʡʩʪʚʫʶʪ ʚʥʝʰʥʠʝ ʩʠʣʳ, ʨʝʰʝʥʠʝ ʠʱʝʤ ʚ ʩʪʘʮʠʦʥʘʨʥʦʤ 

ʚʠʜʝ: 

( , ) ( ) i tx t x e w-Y =Y  

ʇʦʜʩʪʘʥʦʚʢʘ ʵʪʦʡ ɺʌ ʚ ʋʐ ʜʘʝʪ ʩʪʘʮʠʦʥʘʨʥʦʝ ʫʨʘʚʥʝʥʠʝ (ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ!): 

12

2
'' ( ) 0

m
E UY + - Y= 

ʉʣʫʯʘʡ A. ɽ>U1 

ɽʩʣʠ E>U1, ʪʦ ʤʳ ʧʨʠʭʦʜʠʤ ʢ ʫʨʘʚʥʝʥʠʶ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ ʩ ʠʤʧʫʣʴʩʦʤ 

2 ( )p m E U= - : 

2

2
'' 0

p
Y + Y=    

ʊ.ʝ. ɺʌ ï ʧʣʦʩʢʘʷ ʛʘʨʤʦʥʠʯʝʩʢʘʷ ʚʦʣʥʘ, ʜʣʠʥʘ ʢʦʪʦʨʦʡ D

h

p
l= , ʦʥʘ ʙʦʣʴʰʝ, ʯʝʤ ʚ 

ʦʙʣʘʩʪʠ II .  
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ʇʦʩʢʦʣʴʢʫ ɺʌ ʜʦʣʞʥʘ ʩʰʠʚʘʪʴʩʷ ʥʘ ʛʨʘʥʠʮʘʭ ʦʙʣʘʩʪʝʡ, ʵʪʦ ʚʩʝʛʜʘ ʤʦʞʥʦ ʩʜʝʣʘʪʴ, 

ʪ.ʢ. ʬʘʟʳ ʚʦʣʥ 
I IIʠY       Y ʤʦʞʥʦ ʚʳʙʠʨʘʪʴ ʧʨʦʠʟʚʦʣʴʥʦ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ɺʌ 

ʧʨʝʜʩʪʘʚʣʷʶʪ ʩʦʙʦʡ ʚʦʣʥʳ ʩ ʧʨʦʠʟʚʦʣʴʥʳʤʠ p ʚ ʦʙʣʘʩʪʷʭ 1,2,3. ʉʧʝʢʪʨ ʵʥʝʨʛʠʡ 

ʥʝʧʨʝʨʳʚʥʳʡ. 

ʉʣʫʯʘʡ ɹ. ɽ<U 

ɺ ɻʪʦʤ ʩʣʫʯʘʝ ʉʋʐ ʚ ʦʙʣʘʩʪʠ I ï ʪʘʢʦʝ ʞʝ, ʢʘʢ ʜʣʷ ʩʚʦʙʦʜʥʦʡ ʯʘʩʪʠʮʳ. ɼʣʷ ʦʙʣʘʩʪʝʡ 

II  ʠ III : 

2
2

2
'' 0, 2 ( ) 0

k
k m U EY - Y=    = - >    

ʈʝʰʝʥʠʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ï ʦʙʳʯʥʘʷ ʵʢʩʧʦʥʝʥʪʘ 

( / ) ( / )

1 2( ) k x k xx Be B e-Y = +  

ʌʠʟʠʯʝʩʢʠʡ ʩʤʳʩʣ ï ʵʪʦʛʦ ʨʝʰʝʥʠʷ ï ʯʘʩʪʠʮʘ ʤʦʞʝʪ ʥʘʭʦʜʠʪʩʷ ʩ ʢʘʢʦʡ-ʪʦ 

ʚʝʨʦʷʪʥʦʩʪʴʶ çʚʥʫʪʨʠ ʩʪʝʥʢʠè. çʍʚʦʩʪè ɺʌ ʥʘʭʦʜʠʪʩʷ ʧʦʜ ʧʦʪʝʥʮʠʘʣʦʤ 

(ʢʦʥʝʯʥʳʤ!).  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ (ʫʯʪʷ, ʯʪʦ ʵʢʩʧʦʥʝʥʪʘ ʥʝ ʜʦʣʞʥʘ ʥʝʦʛʨʘʥʠʯʝʥʥʦ ʚʦʟʨʘʩʪʘʪʴ): 

2

( )

1

sinI

x

II

x a

III

A x

B e

C e

b

b

a

- -

Y =

Y =

Y =

 

ɺʌ ʜʦʣʞʥʘ ʙʳʪʴ ʥʝʧʨʝʨʳʚʥʦʡ, ʩʣʝʜʦʚʘʪʝʣʴʥʦ, ʜʦʣʞʥʦ ʚʳʧʦʣʥʷʪʴʩʷ ʫʩʣʦʚʠʝ ʩʰʠʚʢʠ: 
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(0) (0), ' (0) ' (0),

( ) ( ), ' ( ) ' ( )

I II I II

II III II IIIa a a a

Y =Y Y =Y

Y =Y Y =Y
 

ʉʰʠʚʢʘ 3-ʭ ʬʫʥʢʮʠʡ , ,I II IIIY Y Y  ʥʝ ʤʦʞʝʪ ʙʳʪʴ ʧʨʦʠʟʚʝʜʝʥʘ ʜʣʷ ʧʨʦʠʟʚʦʣʴʥʦʡ 

ʵʥʝʨʛʠʠ ʧʫʪʝʤ ʚʳʙʦʨʘ ʬʘʟʳ ʚʦʣʥ. ʊʨʝʙʦʚʘʥʠʝ ʩʰʠʚʢʠ ʚ ʪ.a ʥʘʢʣʘʜʳʚʘʝʪ ʦʛʨʘʥʠʯʝʥʠʷ 

ʥʘ ʜʦʧʫʩʪʠʤʫʶ ʵʥʝʨʛʠʶ. ʇʦʵʪʦʤʫ ʧʨʠ E<U ʩʧʝʢʪʨ ʵʥʝʨʛʠʡ ʜʠʩʢʨʝʪʥʳʡ E1, E2, 

E3éEnmax ɽʛʦ ʟʘʚʠʩʠʤʦʩʪʴ ʦʪ n ʥʝ ʚʳʨʘʞʘʝʪʩʷ ʚ ʘʥʘʣʠʪʠʯʝʩʢʦʤ ʚʠʜʝ. ʏʪʦʙʳ ʥʘʡʪʠ 

ʵʥʝʨʛʠʠ En ʪʨʝʙʫʝʪʩʷ ʨʝʰʝʥʠʝ ʪʨʘʥʩʮʝʥʜʝʥʪʥʦʛʦ ʫʨʘʚʥʝʥʠʷ, ʦʙʝʩʧʝʯʠʚʘʶʱʝʛʦ 

ʫʩʣʦʚʠʝ ʩʰʠʚʢʠ, ʥʘʧʨʠʤʝʨ: 

( ) ( ) ( )E ctg E a Ea a b=-  

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʚ ʦʙʱʝʤ ʩʣʫʯʘʝ ʩʧʝʢʪʨ ʜʦʧʫʩʪʠʤʳʭ ʵʥʝʨʛʠʡ ʯʘʩʪʠʮʳ ʚ ʢʦʥʝʯʥʦʤ 

ʷʱʠʢʝ  - ʜʠʩʢʨʝʪʥʳʡ ʧʨʠ E<U ʠ ʥʝʧʨʝʨʳʚʥʳʡ ʧʨʠ E>U. 

 

 

ʉʪʦʣʢʥʦʚʝʥʠʝ ʯʘʩʪʠʮ ʩ ʧʦʪʝʥʮʠʘʣʴʥʳʤ ʙʘʨʴʝʨʦʤ 

ʉʣʫʯʘʡ ɸ (ʚʳʩʦʢʠʡ ʙʘʨʴʝʨ) 

1) E<U 

0, 0

( ) ,0

0,

x

U x U x d

x d

<ë
î
= < <ì
î >í

 

ʆʙʣʘʩʪʴ I, III  (ʩʚʦʙʦʜʥʘʷ ʯʘʩʪʠʮʘ) 
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2 2

2 2
0

p

x

µ Y
+ Y=

µ
 

2'' 0aY + Y= 

2

2

2mE
a =  

1 1

3

i x i x

I

i x

III

Ae B e

A e

a a

a

-Y = +

Y =
 

ʆʙʣʘʩʪʴ II 

2

2 2

2
( ) 0

m
E U

x

µ Y
+ - Y=

µ
 

2'' 0bY - Y= 

2 2

x x

II A e B eb b-Y = +  

ʏʪʦʙʳ ɺʌ ʙʳʣʘ ʥʝʧʨʝʨʳʚʥʦʡ ʠ ʛʣʘʜʢʦʡ, ʪʨʝʙʫʝʪʩʷ 

(0) (0)

( ) ( )

' (0) ' (0)

' ( ) ( )

I II

II III

I II

II III

d d

d d

Y =Y

Y =Y

Y =Y

Y =Y

 

(ʥʝʧʨʝʨʳʚʥʦʩʪʴ ʠ ʛʣʘʜʢʦʩʪʴ ʦʙʝʩʧʝʯʠʚʘʝʪ ʩʫʱʝʩʪʚʦʚʘʥʠʝ , ', ''Y Y Y, ʪ.ʝ. ʨʝʰʝʥʠʝ 

ʋʐ) 
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1 1 2 2

2 2 3

1 1 2 2

2 2 3

d d i d

d d i d

A B A B

A e B e A e

i A i B A B

A e B e i A e

b b a

b b a

a a b b

b b a

-

-

+ = +ë
î

+ =î
ì

- = -î
î - =í

- 4 ʫʨʘʚʥʝʥʠʷ ʜʣʷ 5 ʥʝʠʟʚʝʩʪʥʳʭ  

ʏʪʦʙʳ ʤʦʞʥʦ ʙʳʣʦ ʨʝʰʠʪʴ, ʥʘʜʦ ʚʳʨʘʟʠʪʴ 4 ʧʝʨʝʤʝʥʥʳʭ ʯʝʨʝʟ ʦʪʥʦʰʝʥʠʝ ʢ 5-ʪʦʡï 

ʥʘʧʨʠʤʝʨ, ʨʘʟʜʝʣʠʪʴ ʚʩʝ ʥʘ A1 ʠ ʥʘʡʪʠ 4 ʧʝʨʝʤʝʥʥʳʭ 

 2 1 2 3
2 1 2 3

1 1 1 1

, , ,
A B B A

a b b a
A A A A
= = = = 

ʀʟ ʵʪʦʡ ʩʠʩʪʝʤʳ ʚʩʝʛʜʘ ʤʦʞʥʦ ʥʘʡʪʠ  a2, b1, b2, a3 (ʚʳʨʘʞʘʶʪʩʷ ʚ ʘʣʛʝʙʨʘʠʯʝʩʢʦʤ 

ʚʠʜʝ). ʇʨʠ ʫʩʣʦʚʠʠ 1db  (ʦʙʳʯʥʦ ʪʘʢ ʠ ʙʳʚʘʝʪ), ʠʭ ʚʳʨʘʞʝʥʠʷ ʩʠʣʴʥʦ 

ʫʧʨʦʱʘʶʪʩʷ. ʅʘʧʨʠʤʝʨ, 

3

da e b-º  

ʅʦ ʧʦ ʬʠʟ. ʩʤʳʩʣʫ: 

2

2 3

3 2

1

A
a D

A
= ¹  - ʚʝʨʦʷʪʥʦʩʪʴ ʥʘʡʪʠ ʯʘʩʪʠʮʫ ʟʘ ʙʘʨʴʝʨʦʤ ʧʨʠ ʦʧʨʝʜʝʣʝʥʥʦʡ 

ʚʝʨʦʷʪʥʦʩʪʠ ʧʘʜʝʥʠʷ ʥʘ ʙʘʨʴʝʨ. ʊ.ʝ. ʵʪʦ ʚʝʨʦʷʪʥʦʩʪʴ ʪʦʛʦ, ʯʪʦ ʯʘʩʪʠʮʘ ʧʨʦʡʜʝʪ ʙʘʨʴʝʨ 

ʠ ʙʫʜʝʪ ʜʚʠʛʘʪʴʩʷ ʜʘʣʴʰʝ. 

2

3

2

1

A
D

A
¹  - ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʦʭʦʞʜʝʥʠʷ (ʧʨʦʥʠʮʘʝʤʦʩʪʠ). 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, 
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2
exp 2 ( )D m U E d
å õ

º - -æ ö
ç ÷

 - ʢʦʵʬʬʠʮʠʝʥʪ ʧʨʦʭʦʞʜʝʥʠʷ 

R=1-D ï ʢʦʵʬʬʠʮʠʝʥʪ ʦʪʨʘʞʝʥʠʷ. 

ʊʫʥʥʝʣʴʥʳʡ ʵʬʬʝʢʪ ï ʩʫʱʝʩʪʚʫʝʪ ʚʝʨʦʷʪʥʦʩʪʴ ʦʙʥʘʨʫʞʠʪʴ ʢʚʘʥʪʦʚʫʶ ʯʘʩʪʠʮʫ ʟʘ 

ʧʦʪʝʥʮʠʘʣʴʥʳʤ ʙʘʨʴʝʨʦʤ ʜʘʞʝ ʝʩʣʠ ʝʝ ʵʥʝʨʛʠʷ ʥʠʞʝ ʚʳʩʦʪʳ ʙʘʨʴʝʨʘ. 

ʌʠʟʠʯʝʩʢʘʷ ʢʘʨʪʠʥʘ ʪʫʥʥʝʣʴʥʦʛʦ ʵʬʬʝʢʪʘ 

ɹʘʨʴʝʨ ʧʨʦʠʟʚʦʣʴʥʦʡ ʬʦʨʤʳ U(x) ʥʘ ʦʪʨʝʟʢʝ [a,b] 

2
exp 2 ( ( ) )

b

a

D m U x E dx
å õ

º - -æ ö
ç ÷
ñ  

 

ʇʨʠʤʝʨʳ ʪʫʥʥʝʣʴʥʦʛʦ ʵʬʬʝʢʪʘ. ʇʨʠʤʝʥʝʥʠʝ ʚ ʭʠʤʠʠ. 

 

ʉʣʫʯʘʡ ɹ. ʅʠʟʢʠʡ ʙʘʨʴʝʨ. 

ʂʦʵʬʬʠʮʠʝʥʪʳ ʦʪʨʘʞʝʥʠʷ ʠ ʧʨʦʭʦʞʜʝʥʠʷ (ʧʨʦʧʫʩʢʘʥʠʷ):  

2

1 2

1 2

k k

k k
r

-
=
+

 - ʢ-ʪ ʦʪʨʘʞʝʥʠʷ 

1 2

2

1 2

4

( )

k k

k k
t=

+
 - ʢ-ʪ ʧʨʦʭʦʞʜʝʥʠʷ 

K1, k2 ï ʚʦʣʥʦʚʳʝ ʯʠʩʣʘ ʚʦʣʥ ɼʝ ɹʨʦʡʣʷ ʚ ʦʙʣʘʩʪʷʭ 1 (U=0) ʠ 2 (U=u) 
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2 ( )2 2 ii
i i

i

m E Up
k p

h

p p

l

-
= = = =  

 

ʍʠʤʠʯʝʩʢʠʝ ʧʨʠʤʝʨʳ ʪʫʥʥʝʣʴʥʦʛʦ ʵʬʬʝʢʪʘ ʠ ʥʘʜʙʘʨʴʝʨʥʦʛʦ ʦʪʨʘʞʝʥʠʷ. 

 

 

ʂʚʘʥʪʦʚʳʡ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʦʩʮʠʣʣʷʪʦʨ 

ɻʘʨʤʦʥʠʯʝʩʢʠʡ ʦʩʮʠʣʣʷʪʦʨ ï ʤʘʪʝʨʠʘʣʴʥʘʷ ʪʦʯʢʘ ʥʘ ʧʨʫʞʠʥʝ. ɺ ʢʚʘʥʪʦʚʦʤ ʩʣʫʯʘʝ: 

2 2 2

( )
2 2

kx m x
U x

w
= =   

ʉʪʘʮʠʦʥʘʨʥʦʝ ʫʨʘʚʥʝʥʠʝ ʐʨʝʜʠʥʛʝʨʘ: 

2 2

2

2
'' 0

2

m m x
E

wå õ
Y + - Y=æ ö

ç ÷
 

ʈʝʰʝʥʠʝ ʵʪʦʛʦ ʫʨʘʚʥʝʥʠʷ ʚʦʟʤʦʞʥʦ ʪʦʣʴʢʦ ʧʨʠ ʦʧʨʝʜʝʣʝʥʥʳʭ ɽ 

1

2
E nw

å õ
= +æ ö

ç ÷
,   n=0,1,2,3é (ʥʘʯʠʥʘʝʪ ʩ 0!) 

ɺʳʨʘʞʝʥʠʝ  

2
E

w
=  
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ʅʘʟʳʚʘʝʪʩʷ ʵʥʝʨʛʠʝʡ ʥʫʣʝʚʳʭ ʢʦʣʝʙʘʥʠʡ. ʉʧʝʢʪʨ ʵʥʝʨʛʠʡ ï ʜʠʩʢʨʝʪʥʳʡ, ʩ 

ʧʦʩʪʦʷʥʥʳʤ ʠʥʪʝʨʚʘʣʦʤ ʤʝʞʜʫ ʫʨʦʚʥʷʤʠ E wD = .  

ɺʦʣʥʦʚʳʝ ʬʫʥʢʮʠʠ ʢʚʘʥʪʦʚʦʛʦ ʛʘʨʤʦʥʠʯʝʩʢʦʛʦ ʦʩʮʠʣʣʷʪʦʨʘ: 

()
2 /2( ) n nx N H exx -Y = Ö Ö

 

m
x x

w
x a¹ ¹

,  
 

1/4
1

2 !
n n

m
N

n

w

p

å õ
= æ ö

ç ÷
 - ʥʦʨʤʠʨʦʚʦʯʥʳʡ ʢʦʵʬʬʠʮʠʝʥʪ 

ʌʫʥʢʮʠʠ Hn ï ʪ.ʥ. ʧʦʣʠʥʦʤʳ ʕʨʤʠʪʘ: 

2

2 ( )
( ) ( 1)

n
n

n n

d e
H e

d

x
xx

x

-

= -  

0

1

2

2

3

3

4 2

4

1

2

4 2

8 12

16 48 12

...

H

H

H

H

H

x

x

x x

x x

=

=

= -

= -

= - +

      (Mathematica 5)

 

ʕʢʩʧʦʥʝʥʮʠʘʣʴʥʘʷ ʯʘʩʪʴ  - ʬʫʥʢʮʠʷ ɻʘʫʩʩʘ 
2xe b-  - ʯʝʪʥʘʷ ʢʦʣʦʢʦʣʦʦʙʨʘʟʥʘʷ ʬʫʥʢʮʠʷ, 

ʫʙʳʚʘʝʪ ʜʦ ʥʫʣʷ ʧʨʠ x­°¤.  

ʆʪʩʶʜʘ ï ʩʚʦʡʩʪʚʘ ɺʌ ʦʩʮʠʣʣʷʪʦʨʘ ï ʯʝʨʝʜʫʶʪʩʷ ʯʝʪʥʳʝ ʠ ʥʝʯʝʪʥʳʝ ʩʦʩʪʦʷʥʠʷ, 

ʢʘʞʜʘʷ ɺʌ ʠʤʝʝʪ n ʫʟʣʦʚ. 
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ɻʨʘʬʠʢ ɺʌ ʦʩʮʠʣʣʷʪʦʨʘ 

ʨʠʩʫʥʦʢ 

ʍʠʤʠʯʝʩʢʠʝ ʧʨʠʣʦʞʝʥʠʷ: 

1. ʂʦʣʝʙʣʶʱʘʷʩʷ ʤʦʣʝʢʫʣʘ 

 

 

2
2

2 1

2 1

( )
2 2

k kr
U x x

r x x

= - =

= -
 

2 2

1 1 1 2

1 1 2 2

1 2

1 1 2 2

2 1 2 1

1 1 2 2 1

2
1

1 2

1 2

2 1

2 2

0

0

0

CM

CM

m x m x
T

m x m x
x

m m

x

m x m x

r x x x r x

m x m r m x

m r
x

m m

m r m r
x r x

= +

+
=

+

=

+ =

= - Ý = +

+ + =

=-
+

+
= + =

2m r-
1

1 2 1 2

2 2 2 2 2
21 2 2 1 1 2

2 2

1 2 1 2 1 2

1

2( ) 2( ) 2 2

m r

m m m m

m m r m m r m m r
T r

m m m m m m

m

=
+ +

= + = =
+ + +

 



59 
 

ɺʝʣʠʯʠʥʘ 1 2

1 2

m m

m m
m=

+
ʥʘʟʳʚʘʝʪʩʷ ʧʨʠʚʝʜʝʥʥʦʡ ʤʘʩʩʦʡ. ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʢʦʣʝʙʘʥʠʝ 

ʜʚʫʭʘʪʦʤʥʦʡ ʤʦʣʝʢʫʣʳ ʩʚʦʜʠʪʩʷ ʢ ʜʚʠʞʝʥʠʶ ʪʦʯʢʠ ʤʘʩʩʦʡ m ʚ ʧʦʪʝʥʮʠʘʣʝ kr
2
/2. 

 

 

 r 

 

 

ɺʝʣʠʯʠʥʘ k ï ʩʠʣʦʚʘʷ ʧʦʩʪʦʷʥʥʘʷ ï ʚ ʢʣʘʩʩʠʯʝʩʢʦʤ ʩʣʫʯʘʝ ʩʚʷʟʘʥʘ ʩ ʯʘʩʪʦʪʦʡ 

ʢʦʣʝʙʘʥʠʷ 

2

2

2 2 2

2 2

U
k

r

k

k

kr r
U

w
m

mw

mw

µ
=
µ

=

=

= =
 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʟʘʚʠʩʠʤʦʩʪʴ ʢʠʥʝʪʠʯʝʩʢʦʡ ʠ ʧʦʪʝʥʮʠʘʣʴʥʦʡ ʵʥʝʨʛʠʠ ʫ ʜʚʫʭʘʪʦʤʥʦʡ 

ʤʦʣʝʢʫʣʳ ʩ ʜʣʠʥʦʡ ʩʚʷʟʠ r ʠ ʤʘʩʩʘʤʠ ʘʪʦʤʦʚ m1 ʠ m2 ʪʘʢʘʷ ʞʝ, ʢʘʢ ʫ ʦʩʮʠʣʣʷʪʦʨʘ 

ʤʘʩʩʦʡ m ʠ ʜʣʠʥʦʡ ʩʚʷʟʠ r. 

ʂʦʣʝʙʣʶʱʘʷʩʷ ʜʚʫʭʘʪʦʤʥʘʷ ʤʦʣʝʢʫʣʘ - ʢʚʘʥʪʦʚʳʡ ʛʘʨʤʦʥʠʯʝʩʢʠʡ ʦʩʮʠʣʣʷʪʦʨ. 

 

ʇʨʝʜʩʪʘʚʠʤ, ʯʪʦ ʫ ʥʘʩ ʝʩʪʴ  ʙʦʣʴʰʦʝ ʯʠʩʣʦ ʦʜʠʥʘʢʦʚʳʭ ʛʘʨʤʦʥʠʯʝʩʢʠʭ ʦʩʮʠʣʣʷʪʦʨʦʚ, 

ʢʦʪʦʨʳʝ ʤʦʛʫʪ ʩʚʦʙʦʜʥʦ ʦʙʤʝʥʠʚʘʪʴʩʷ ʵʥʝʨʛʠʝʡ ʜʨʫʛ ʩ ʜʨʫʛʦʤ. ʇʨʠʤʝʨ ï ʠʜʝʘʣʴʥʳʡ  

ʛʘʟ ʠʟ ʜʚʫʭʘʪʦʤʥʳʭ ʤʦʣʝʢʫʣ. 
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ʂʦʣʝʙʘʪʝʣʴʥʳʝ ʫʨʦʚʥʠ ʩʠʩʪʝʤʳ ʟʘʩʝʣʝʥʳ ʚ ʩʦʦʪʚʝʪʩʪʚʠʠ ʩ ʨʘʩʧʨʝʜʝʣʝʥʠʝʤ 

ɹʦʣʴʮʤʘʥʘ: 

/

0( ) kTN N eee -=  

ʊʦʛʜʘ ʩʨʝʜʥʷʷ ʵʥʝʨʛʠʷ ʚʩʝʡ ʩʠʩʪʝʤʳ (ʩʨʝʜʥʷʷ ʢʦʣʝʙʘʪʝʣʴʥʘʷ ʵʥʝʨʛʠʷ): 

0

0

0

( )

( )

n

n

n

N E N

N

e e

e

e

¤

=

¤

=

< >= =
ä

ä

/

0

0

nE kT

n

e

N

¤
-

=

ä ( / )

0 0

/ ( / )

0 0 0

( )

( )n

kT n n

n n

E kT kT n n

n n n

ne n e

e e e

w a

w a

w w
¤ ¤

- -

= =

¤ ¤ ¤
- - -

= = =

= =
ä ä

ä ä ä
 

ʉʫʤʤʘ ʙʝʩʢʦʥʝʯʥʦʡ ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ: 

0

0
0

0

, 1

1

n

n

n

n

a a q q

a
a q

q

¤

=

= <

=
-

ä
 

ʉʫʤʤʘ ʙʝʩʢʦʥʝʯʥʦʡ ʘʨʠʬʤʝʪʠʢʦ-ʛʝʦʤʝʪʨʠʯʝʩʢʦʡ ʧʨʦʛʨʝʩʩʠʠ: 

2
0

( )
1 (1 )

n

n

a bq
a bn q

q q

¤
-

=

+ = +
- -

ä
 

ʊʦʛʜʘ ʩʨʝʜʥʷʷ ʢʦʣʝʙʘʪʝʣʴʥʘʷ ʵʥʝʨʛʠʷ: 

/ 1kTe w
w

e< >=
-     (ʵʥʝʨʛʠʷ ʦʪʩʯʠʪʳʚʘʝʪʩʷ ʦʪ ʥʫʣʝʚʦʛʦ ʫʨʦʚʥʷ!!!) 

ʕʪʦ ï ʚʢʣʘʜ ʚ ʧʦʣʥʫʶ ʚʥʫʪʨʝʥʥʶʶ ʵʥʝʨʛʠʶ: 

2 2

vib A

tran A

U N

kT RT
U N

e= < >

= =
 

ʇʨʠ ʙʦʣʴʰʠʭ T :  kTw<<  ʠ 1 ...xe x= + + 

vib AU N kT RTº =  

(ʩʦʚʧʘʜʘʝʪ ʩ ʢʣʘʩʩʠʯʝʩʢʠʤ ʚʳʨʘʞʝʥʠʝʤ ʠʟ ʄʂʊ, ʪ.ʝ. ʧʨʠ ʚʳʩʦʢʠʭ ʪʝʤʧʝʨʘʪʫʨʘʭ 

ʤʦʣʝʢʫʣʫ ʤʦʞʥʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʢʣʘʩʩʠʯʝʩʢʫʶ ʩʠʩʪʝʤʫ). ʇʨʠ ʥʠʟʢʠʭ 

ʪʝʤʧʝʨʘʪʫʨʘʭ ʵʪʦ ʥʝ ʚʳʧʦʣʥʷʝʪʩʷ ï ʤʦʣʝʢʫʣʫ ʥʘʜʦ ʨʘʩʩʤʘʪʨʠʚʘʪʴ ʢʘʢ ʢʚʘʥʪʦʚʫʶ 

ʩʠʩʪʝʤʫ. 
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ʕʥʪʨʦʧʠʷ ʩʚʷʟʘʥʘ ʩ ʪʝʧʣʦʝʤʢʦʩʪʴʶ ʩʠʩʪʝʤʳ, ʚ ʢʦʪʦʨʦʡ ʠʜʝʪ ʦʙʨʘʪʠʤʳʡ ʧʨʦʮʝʩʩ 

(ʥʘʛʨʝʚʘʥʠʝ ʠʣʠ ʦʭʣʘʞʜʝʥʠʝ): 

0 0

T T

p

p

C dT
S dT

T T T

d
C

dT

e

e

µ< >å õ
= =æ ö

µç ÷

< >
=

ñ ñ
 

ʕʪʦ ʜʘʝʪ (ʧʨʦʚʝʨʠʪʴ ʩʘʤʦʩʪʦʷʪʝʣʴʥʦ): 

/ /

/

1 1
ln

1 1

ln ,

1

kT kT

kT

S k
T e e

S k q
Tq

q e

w w

w

w

w

å õ
= - æ ö

- -ç ÷

= +

= -

 

(ʵʥʪʨʦʧʠʷ ʢʚʘʥʪʦʚʦʛʦ ʛʘʨʤʦʥʠʯʝʩʢʦʛʦ ʦʩʮʠʣʣʷʪʦʨʘ) 

 

 

ɼʚʠʞʝʥʠʝ ʪʦʯʢʠ ʚ ʧʦʣʝ ʮʝʥʪʨʘʣʴʥʦʡ ʩʠʣʳ.  

ʎʝʥʪʨʘʣʴʥʦʡ ʩʠʣʦʡ ʥʘʟʳʚʘʝʪʩʷ ʩʠʣʘ, ʜʝʡʩʪʚʫʶʱʘʷ ʚ ʥʘʧʨʘʚʣʝʥʠʠ ʥʝʢʦʪʦʨʦʡ 

ʥʝʧʦʜʚʠʞʥʦʡ ʪʦʯʢʠ, ʧʨʠʯʝʤ ʚʝʣʠʯʠʥʘ ʩʠʣʳ ʟʘʚʠʩʠʪ ʪʦʣʴʢʦ ʦʪ ʨʘʩʩʪʦʷʥʠʷ ʜʦ ʵʪʦʡ 

ʪʦʯʢʠ. 

ʇʨʠʤʝʨʳ:  

1. ʉʠʣʘ ʂʫʣʦʥʘ ʤʝʞʜʫ ʪʦʯʝʯʥʳʤʠ ʟʘʨʷʜʘʤʠ 1 2

2

0

1

4

QQ

r rpe
=

r
F  

2. ʉʠʣʘ ʛʨʘʚʠʪʘʮʠʠ ʤʝʞʜʫ ʪʦʯʝʯʥʳʤʠ ʤʘʩʩʘʤʠ 1 2

2

m m
G

r r
=

r
F  

3. ʉʠʣʘ ʫʧʨʫʛʦʩʪʠ ʰʥʫʨʘ, ʥʘ ʢʦʪʦʨʦʤ ʚʨʘʱʘʝʪʩʷ ʪʦʯʝʯʥʳʡ ʛʨʫʟ ʚʦʢʨʫʛ 

ʟʘʢʨʝʧʣʝʥʥʦʛʦ ʮʝʥʪʨʘ 

ʉʣʫʯʘʡ ʜʚʠʞʝʥʠʷ ʚ ʧʦʣʝ ʎʉ ʯʨʝʟʚʳʯʘʡʥʦ ʚʘʞʝʥ, ʧʦʩʢʦʣʴʢʫ ʚʦʟʥʠʢʘʝʪ ʚʦ ʤʥʦʛʠʭ 

ʟʘʜʘʯʘʭ. ʈʘʩʩʤʦʪʨʠʤ ʜʚʠʞʝʥʠʝ ʢʚʘʥʪʦʚʦʡ ʯʘʩʪʠʮʳ ʚ ʧʦʣʝ ʎʉ. 
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ʇʕ ʟʘʚʠʩʠʪ ʪʦʣʴʢʦ ʦʪ ʨʘʩʩʪʦʷʥʠʷ ʜʦ ʮʝʥʪʨʘ ( , , ) ( )U x y z U r=  ʠ ʥʝ ʟʘʚʠʩʠʪ ʷʚʥʦ ʦʪ 

ʚʨʝʤʝʥʠ. ɿʥʘʯʠʪ, ʜʚʠʞʝʥʠʝ ʦʧʠʩʳʚʘʝʪʩʷ ʉʋʐ: 

2
2 ( ) ( , , ) ( , , )

2
U r x y z E x y z

m

å õ
- Ð + Y = Yæ ö
ç ÷

    

2 2 2
2

2 2 2x y z

µ µ µ
Ð = + +

µ µ µ
  - ʦʧʝʨʘʪʦʨ ʃʘʧʣʘʩʘ ʚ ʜʝʢʘʨʪʦʚʳʭ ʢʦʦʨʜʠʥʘʪʘʭ ï ʜʣʷ ʨʝʰʝʥʠʷ 

ʥʝʫʜʦʙʝʥ. 

ʇʝʨʝʡʜʝʤ ʢ ʩʬʝʨʠʯʝʩʢʠʤ ʢʦʦʨʜʠʥʘʪʘʤ: 

 

sin cos

sin sin

x r

y r

z rcos

q j

q j

q

=

=

=

 

ɼʠʬʬʝʨʝʥʮʠʘʣʳ 

sin cos cos cos cos sin

...

...

dx dr r d r d

dy

dz

q j q j q q j j= + -

=

=

 

2 2sindV dxdydz r drd dq q j= =   (ʷʢʦʙʠʘʥ ʧʝʨʝʭʦʜʘ ʝʩʪʴ 
2 sinr q) 

 

ʅʘʤ ʥʘʜʦ ʟʘʧʠʩʘʪʴ ʦʧʝʨʘʪʦʨ ʃʘʧʣʘʩʘ ʚ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ (ʚʳʚʦʜ ʯʝʨʝʟ 

ʢʦʵʬʬʠʮʠʝʥʪʳ ʃʘʤʝ - ʥʝʩʣʦʞʥʳʡ, ʥʦ ʛʨʦʤʦʟʜʢʠʡ): 

2 2 2

,2 2

1 1
r

r r r r
q j

µ µå õ
Ð = + Ðæ ö

µ µç ÷   
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2
2

, 2 2

1 1
sin

sin sin
q j q

q q q q j

µ µ µå õ
Ð = +æ ö

µ µ µç ÷ - ʫʛʣʦʚʘʷ ʯʘʩʪʴ ʦʧʝʨʘʪʦʨʘ ʃʘʧʣʘʩʘ

 

 

ʉʣʫʯʘʡ r=const, U=const (ʠʣʠ U=0) - ɾʝʩʪʢʠʡ ʨʦʪʘʪʦʨ 

 

 ̧ɾʝʩʪʢʠʡ ʨʦʪʘʪʦʨ ï ʪʦʯʢʘ ʤʘʩcʦʡ m, ʩʚʦʙʦʜʥʦ ʚʨʘʱʘʶʱʘʷʩʷ ʚʦʢʨʫʛ ʢʦʦʨʜʠʥʘʪ ʥʘ 

ʧʦʩʪʦʷʥʥʦʤ ʨʘʩʩʪʦʷʥʠʠ r. 

 

ʇʦʩʢʦʣʴʢʫ r=const, ʪʦ ʧʨʦʠʟʚʦʜʥʘʷ ʧʦ r =0, ʦʩʪʘʶʪʩʷ ʪʦʣʴʢʦ ʜʚʝ ʧʝʨʝʤʝʥʥʳʭ 

2
2

, 2

2
( , ) ( , ) 0

mr E
q j q j q jÐ Y + Y = 

ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ( , ) ( ) ( )q j q jY =Q F  

ʊʦʛʜʘ ʧʝʨʝʤʝʥʥʳʝ ʚ ʫʨʘʚʥʝʥʠʠ ʨʘʟʜʝʣʷʶʪʩʷ: 

2 2

2 2 2

1 1 2
sin 0

sin sin

mr E
q

q q q q j

µ µQ µ Få õ
F +Q + QF=æ ö

µ µ µç ÷
 

ʋʤʥʦʞʠʤ ʚʩʝ ʥʘ 
2sin q

QF
 ʠ ʧʝʨʝʥʝʩʝʤ ʨʘʟʥʳʝ ʧʝʨʝʤʝʥʥʳʝ ʚ ʨʘʟʥʳʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ: 

2 2
2

2 2

sin 2 1
sin sin

mr Eq
q q

q q j

µ µQ µ Få õ
+ =-æ ö

Q µ µ Fµç ÷
 

ɼʚʝ ʯʘʩʪʠ ʨʘʚʝʥʩʪʚʘ ʟʘʚʠʩʷʪ ʦʪ ʨʘʟʥʳʭ ʧʝʨʝʤʝʥʥʳʭ. ʆʥʠ ʤʦʛʫʪ ʙʳʪʴ ʨʘʚʥʳ ʜʨʫʛ 

ʜʨʫʛʫ ʧʨʠ ʣʶʙʳʭ ʟʥʘʯʝʥʠʷʭ ʧʝʨʝʤʝʥʥʳʭ, ʪʦʣʴʢʦ ʝʩʣʠ ʢʘʞʜʘʷ ʠʟ ʥʠʭ ʨʘʚʥʘ ʢʦʥʩʪʘʥʪʝ: 
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2
2

2

2

2

sin 2
sin sin

1

mr E
C

C

q
q q

q q

j

µ µQå õ
+ =æ ö

Q µ µç ÷

µ F
- =
F µ

 

ʈʝʰʝʥʠʝ ʌ-ʫʨʘʚʥʝʥʠʷ 

ʀʟ ʚʪʦʨʦʛʦ ʫʨʘʚʥʝʥʠʷ (ʦʙʦʟʥʘʯʠʤ ʉ=m
2
) 

2
2

2
0m

j

µ F
+ F=

µ
 

ʇʦʩʣʝʜʥʝʝ ʫʨʘʚʥʝʥʠʝ ʣʝʛʢʦ ʨʝʰʘʝʪʩʷ (ʫʯʪʝʤ, ʯʪʦ A=B ʦʟʥʘʯʘʝʪ ʩʠʤʤʝʪʨʠʶ 

ʦʪʥʦʩʠʪʝʣʴʥʦ ʥʘʧʨʘʚʣʝʥʠʷ ʚʨʘʱʝʥʠʷ, ʘ m ʧʨʠʥʠʤʘʝʪ ʟʥʘʯʝʥʠʷ m m=° ): 

( ) im im imAe Be Aej j jj -F = + =   

ʌʠ ï ʵʪʦ ʫʛʦʣ ʚʨʘʱʝʥʠʷ ʚʦʢʨʫʛ ʦʩʠ z. ʆʯʝʚʠʜʥʦ, ʯʪʦ ʧʨʠ ʫʛʣʘʭ 0 ʠ 2ʧʠ ʬʫʥʢʮʠʷ 

ʜʦʣʞʥʘ ʧʨʠʥʠʤʘʪʴ ʪʦʞʜʝʩʪʚʝʥʥʳʝ ʟʥʘʯʝʥʠʷ ʠ ʠʤʝʪʴ ʪʦʞʜʝʩʪʚʝʥʥʳʝ ʧʨʦʠʟʚʦʜʥʳʝ: 

cos 0 sin 0 cos(2 ) sin(2 )A m Ai m A m Ai mp p+ = -  

(ʘʥʘʣʦʛʠʯʥʦʝ ʫʨʘʚʥʝʥʠʝ ʧʦʣʫʯʘʝʪʩʷ ʜʣʷ ʧʨʦʠʟʚʦʜʥʳʭ). ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʚʳʧʦʣʥʝʥʦ ʧʨʠ 

ʣʶʙʳʭ ʮʝʣʳʭ ʟʥʘʯʝʥʠʷʭ m (ʠ ʥʫʣʝ): 

0, 1, 2...m= ° ° 

ɺ ʪʝʦʨʠʠ ʘʪʦʤʘ ʵʪʠ ʯʠʩʣʘ ʥʘʟʳʚʘʶʪʩʷ ʤʘʛʥʠʪʥʳʤ ʢʚʘʥʪʦʚʳʤ ʯʠʩʣʦʤ. 

ʇʦʩʪʦʷʥʥʘʷ A ʥʘʭʦʜʠʪʩʷ ʠʟ ʫʩʣʦʚʠʷ ʥʦʨʤʠʨʦʚʢʠ: 

2 2

2 2

0 0

* 2 1

1

2

im imd A e e d A

A

p p
j jj j p

p

-F F = = =

=

ñ ñ
 

ʆʢʦʥʯʘʪʝʣʴʥʦ ʧʦʣʫʯʘʝʤ: 

1
( )

2

ime jj
p

F =  

ɿʘʤʝʪʠʤ ʦʜʥʦ ʚʘʞʥʦʝ ʩʚʦʡʩʪʚʦ ʌ-ʬʫʥʢʮʠʡ: ʦʥʠ ʷʚʣʷʶʪʩʷ ʩʦʙʩʪʚʝʥʥʳʤʠ ʬʫʥʢʮʠʷʤʠ 

ʦʧʝʨʘʪʦʨʘ ʧʨʦʝʢʮʠʠ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ. 
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ʆʧʝʨʘʪʦʨ ʧʨʦʝʢʮʠʠ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ ʚ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʝʩʪʴ 

Ĕ
zM i x y i

y x j

å õµ µ µ
=- - =-æ ö

µ µ µç ÷ ,

 

ʝʛʦ ʉʌ ʦʧʨʝʜʝʣʷʶʪʩʷ ʢʘʢ 

Ĕ
zM

i

y my

y
my

j

=

µ
- =
µ

 ʕʪʠʤ ʫʨʘʚʥʝʥʠʷʤ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʬʫʥʢʮʠʠ ʌ: 

( ) im imi im e e

m

j jm

m

- =

=
 

ʊ.ʝ. ʉɿ ʦʧʝʨʘʪʦʨʘ ʧʨʦʝʢʮʠʠ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ Ĕ
zM  ʝʩʪʴ 

, 0, 1, 2...m mm= = ° ° 

 

ʈʝʰʝʥʠʝ Q-ʫʨʘʚʥʝʥʠʷ 

ʋʨʘʚʥʝʥʠʝ ʥʘ q: 

2
2 2

2

2
sin sin sin 0

mr E
mq q q

q q

å õµ µQå õ
+ - Q=æ öæ ö

µ µç ÷ç ÷    (13)

 

ʠʣʠ 

2

2

1
sin ( ) 0

sin sin

m
q l

q q q q

µ µQå õ
+ - Q=æ ö

µ µç ÷     (14)

 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʭʦʨʦʰʦ ʠʟʚʝʩʪʥʦ ʚ ʪʝʦʨʠʠ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʳʭ ʫʨʘʚʥʝʥʠʡ. ʆʥʦ 

ʠʤʝʝʪ ʢʦʥʝʯʥʝr ʨʝʰʝʥʠ ̫ʪʦʣʴʢʦ ʚ ʩʣʫʯʘʝ ʚʳʧʦʣʥʝʥʠʷ ʫʩʣʦʚʠʡ 

( 1), 0,1,2...l l l

l m l

l= + =

- ¢ ¢       (15)
 

ɽʩʣʠ ʵʪʠ ʫʩʣʦʚʠʷ ʚʳʧʦʣʥʝʥʳ, ʪʦ ʨʝʰʝʥʠʝʤ ʫʨʘʚʥʝʥʠʷ ʷʚʣʷʶʪʩʷ ʬʫʥʢʮʠʠ,  
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2 1 ( )!
( ) (cos )

2 ( )!

m

l

l l m
P

l m
q q

+ -
Q =

+
  

ɿʜʝʩʴ ʬʫʥʢʮʠʠ ( )m

lP x  - ʬʫʥʢʮʠʠ, ʥʘʟʳʚʘʝʤʳʝ ʧʨʠʩʦʝʜʠʥʝʥʥʳʤʠ ʬʫʥʢʮʠʷʤʠ 

ʃʝʞʘʥʜʨʘ: 

 

( )2 /2 2

2

1
( ) (1 ) 1

2 !

l m
l

m m

l l m

d
P x x x

l dx

+

+
= - -

  (ʩʦʚʧʘʜʘʝʪ ʩ Mathematica)

 

ʇʨʦʩʪʳʝ ʯʘʩʪʥʳʝ ʩʣʫʯʘʠ:  

0

0

0 1 2 1 2

1 1 1

0 2 1 2 2 2

2 2 2

1

1 1
cos , 1 sin , 1 sin

2 2

1 1 3 3
(3 1) (1 3cos2 ), 3 1 sin 2 , 3(1 ) (1 cos2 )

2 4 2 2

...

P

P x P x P x

P x P x x P x

q q q

q q q

-

=

= = = - = =- - =-

= - = + = - = = - = -

 ʏʠʩʣʘ l ʥʘʟʳʚʘʶʪʩʷ ʦʨʙʠʪʘʣʴʥʳʤ ʢʚʘʥʪʦʚʳʤ ʯʠʩʣʦʤ. 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʨʝʰʝʥʠʝ ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʛʦ ʫʨʘʚʥʝʥʠʷ ʨʦʪʘʪʦʨʘ ï ʵʪʦ 

ʧʨʦʠʟʚʝʜʝʥʠʝ ʫʛʣʦʚʳʭ ʯʘʩʪʝʡ: 

2 1 ( )!
( , ) (cos )

4 ( )!

m m im

l l

l l m
Y P e

l m

jq j q
p

+ -
=

+
 

ʕʪʘ ʬʫʥʢʮʠʷ ʥʘʟʳʚʘʝʪʩʷ (ʢʦʤʧʣʝʢʩʥʘʷ) ʩʬʝʨʠʯʝʩʢʘʷ ʬʫʥʢʮʠʷ ʠʣʠ 

ʩʬʝʨʠʯʝʩʢʘʷ ʛʘʨʤʦʥʠʢʘ.  

ʀʟ ʚʳʨʘʞʝʥʠʡ (13), (14) ʠ (15) ʩʣʝʜʫʝʪ, ʯʪʦ ʵʥʝʨʛʠʷ ʨʦʪʘʪʦʨʘ: 

2

2
( 1)

2
lE l l

mr
= + ,          (16) 

ʕʥʝʨʛʠʷ ʨʦʪʘʪʦʨʘ ʟʘʚʠʩʠʪ ʦʪ l ʠ ʥʝ ʟʘʚʠʩʠʪ ʦʪ m. ʂʘʞʜʦʤʫ ʩʦʩʪʦʷʥʠʶ ʩ ʜʘʥʥʳʤ l 

ʦʪʚʝʯʘʝʪ (2l+1) ʩʦʩʪʦʷʥʠʡ ʩ ʨʘʟʥʳʤʠ m. 

ɺʘʞʥʦʝ ʩʚʦʡʩʪʚʦ ɺʌ ʨʦʪʘʪʦʨʘ ï ʩʬʝʨʠʯʝʩʢʠʭ ʛʘʨʤʦʥʠʢ ï ʦʥʠ ʷʚʣʷʶʪʩʷ ʉʌ 

ʦʧʝʨʘʪʦʨʘ ʢʚʘʜʨʘʪʘ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ. ɼʝʡʩʪʚʠʪʝʣʴʥʦ, ʦʧʝʨʘʪʦʨ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ ʚ 

ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʟʘʧʠʩʳʚʘʝʪʩʷ ʢʘʢ: 

2 2 2

,
ĔM q j=- Ð

 

ɽʛʦ ʉʌ ʦʧʨʝʜʝʣʷʶʪʩʷ ʫʨʘʚʥʝʥʠʝʤ: 
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2 2

,

2

, 2
0

q j

q j

f lf

l
f f

- Ð =

Ð + =
 

ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʩʦʚʧʘʜʘʝʪ ʩ ʫʨʘʚʥʝʥʠʝʤ ʨʦʪʘʪʦʨʘ, ʝʩʣʠ  

2

2 2

2
2

2

2

( 1)
2

2

mr E

l l
mr

mr

l

l

=

+
=

 

2 ( 1)l ll= + 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʩʬʝʨʠʯʝʩʢʠʝ ʬʫʥʢʮʠʠ ʫʜʦʚʣʝʪʚʦʨʷʶʪ ʫʨʘʚʥʝʥʠʶ  

2

lm lmM Y Yl= ,          (17) 

ʧʨʠʯʝʤ  

2 ( 1), 0,1,2...l l ll= + =   

ʊ.ʝ. ʤʦʤʝʥʪ ʠʤʧʫʣʴʩʘ ʨʦʪʘʪʦʨʘ ʢʚʘʥʪʫʝʪʩʷ ʪʘʢ ʞʝ, ʢʘʢ ʠ ʵʥʝʨʛʠʷ: 

( 1)l l= +M  

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʵʥʝʨʛʠʶ ʨʦʪʘʪʦʨʘ (16) ʤʦʞʥʦ ʧʨʝʜʩʪʘʚʠʪʴ ʚ ʚʠʜʝ  

2

2
l

M
E

I
= ,  

ʛʜʝ 22I mr= - ʤʦʤʝʥʪ ʠʥʝʨʮʠʠ ʨʦʪʘʪʦʨʘ ʦʪʥʦʩʠʪʝʣʴʥʦ ʮʝʥʪʨʘ ʚʨʘʱʝʥʠʷ. 

 

ɺʨʘʱʝʥʠʝ ʤʦʣʝʢʫʣ 

ɺʳʰʝ ʙʳʣʘ ʚʳʚʝʜʝʥʘ ʢʠʥʝʪʠʯʝʩʢʘʷ ʵʥʝʨʛʠʷ ʜʚʫʭʘʪʦʤʥʦʡ ʤʦʣʝʢʫʣʳ ʧʨʠ ʢʦʣʝʙʘʥʠʠ ʚ 

ʦʜʥʦʡ ʢʦʦʨʜʠʥʘʪʝ. ɸʥʘʣʦʛʠʯʥʦ ʤʦʞʥʦ ʚʳʚʝʩʪʠ ʢʠʥʝʪʠʯʝʩʢʫʶ ʵʥʝʨʛʠʶ ʧʨʠ ʚʨʘʱʝʥʠʠ 

ʞʝʩʪʢʦʡ ʜʚʫʭʘʪʦʤʥʦʡ ʤʦʣʝʢʫʣʳ ʚʦʢʨʫʛ ʮʝʥʪʨʘ ʤʘʩʩ. 

ʨʠʩʫʥʦʢ 

ʆʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʚʨʘʱʘʶʱʘʷʩʷ ʞʝʩʪʢʘʷ ʜʚʫʭʘʪʦʤʥʘʷ ʤʦʣʝʢʫʣʘ ʩ ʤʘʩʩʘʤʠ ʘʪʦʤʦʚ m1, 

m2 ʠ c ʤʝʞʘʪʦʤʥʳʤ ʨʘʩʩʪʦʷʥʠʝʤ r ʠʤʝʝʪ ʪʘʢʠʝ ʞʝ ʚʳʨʘʞʝʥʠʷ ʜʣʷ ʢʠʥʝʪʠʯʝʩʢʦʡ ʠ 

ʧʦʪʝʥʮʠʘʣʴʥʦʡ ʵʥʝʨʛʠʠ, ʢʘʢ ʞʝʩʪʢʠʡ ʨʦʪʘʪʦʨ ʜʣʠʥʦʡ r ʠ ʤʘʩʩʦʡ m: 
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1 2

1 2

m m

m m
m=

+
. 

ʆʪʩʶʜʘ ʩʣʝʜʫʝʪ, ʯʪʦ ʵʥʝʨʛʠʷ ʞʝʩʪʢʦʡ ʚʨʘʱʘʶʱʝʡʩʷ ʤʦʣʝʢʫʣʳ: 

2

2
( 1) ( 1)

2
lE l l Bl l

rm
= + = +, l=0,1,2é. 

ɺʝʣʠʯʠʥʘ 
2

2
B

I
=  ʥʘʟʳʚʘʝʪʩʷ ʚʨʘʱʘʪʝʣʴʥʦʡ ʧʦʩʪʦʷʥʥʦʡ. 

ʕʥʝʨʛʝʪʠʯʝʩʢʠʡ ʩʧʝʢʪʨ ï ʥʝʨʘʚʥʦʤʝʨʥʳʡ, ʧʨʠʯʝʤ ʢʘʞʜʦʤʫ ʫʨʦʚʥʶ ʵʥʝʨʛʠʠ El 

ʦʪʚʝʯʘʝʪ 2l+1 ʩʦʩʪʦʷʥʠʡ ʩ , ( 1),...0,... 1,m l l l l=- - - -. ɻʦʚʦʨʷʪ, ʯʪʦ ʢʘʞʜʳʡ ʫʨʦʚʝʥʴ 

ʵʥʝʨʛʠʠ (2l+1)-ʢʨʘʪʥʦ ʚʳʨʦʞʜʝʥ. 

ʈʠʩʫʥʦʢ 

ʇʝʨʝʭʦʜʳ ʩ ʫʨʦʚʥʷ ʥʘ ʫʨʦʚʝʥʴ ʩ ʫʯʝʪʦʤ ʧʨʘʚʠʣ ʦʪʙʦʨʘ ʬʦʨʤʠʨʫʶʪ ʪ.ʥ. ʚʨʘʱʘʪʝʣʴʥʳʡ 

ʩʧʝʢʪʨ ʤʦʣʝʢʫʣʳ, ʢʦʪʦʨʳʡ ʦʙʳʯʥʦ ʣʝʞʠʪ ʚ ʤʠʢʨʦʚʦʣʥʦʚʦʡ ʦʙʣʘʩʪʠ. ʄʠʢʨʦʚʦʣʥʦʚʦʡ 

ʩʧʝʢʪʨ ʤʦʞʥʦ ʦʧʠʩʘʪʴ ʪʦʣʴʢʦ ʥʘ ʦʩʥʦʚʘʥʠʠ ʢʚʘʥʪʦʚʦʛʦ ʧʦʜʭʦʜʘ (ʢʣʘʩʩʠʯʝʩʢʘʷ ʪʝʦʨʠʷ 

ʥʝ ʜʘʝʪ ʦʙʲʷʩʥʝʥʠʷ ʜʠʩʢʨʝʪʥʦʩʪʠ ʫʨʦʚʥʝʡ). 

ɸʥʘʣʦʛʠʯʥʦ ʢʦʣʝʙʘʥʠʷʤ ʦʩʮʠʣʣʷʪʦʨʘ, ʚʨʘʱʝʥʠʝ ʤʦʣʝʢʫʣ ʜʘʝʪ ʚʢʣʘʜ ʚ 

ʪʝʨʤʦʜʠʥʘʤʠʢʫ. ɼʣʷ ʚʨʘʱʝʥʠʷ ʤʦʣʝʢʫʣ ʤʦʞʥʦ ʧʦʣʫʯʠʪʴ ʩʨʝʜʥʶʶ ʵʥʝʨʛʠʶ, 

ʚʥʫʪʨʝʥʥʶʶ ʵʥʝʨʛʠʶ, ʪʝʧʣʦʝʤʢʦʩʪʴ ʠ ʪ.ʜ. ʆʜʥʘʢʦ ʜʣʷ ʙʦʣʴʰʠʥʩʪʚʘ ʟʘʜʘʯ 

ʠʩʧʦʣʴʟʫʶʪ ʢʣʘʩʩʠʯʝʩʢʠʝ ʚʳʨʘʞʝʥʠʷ, ʧʦʩʢʦʣʴʢʫ ʨʘʟʥʦʩʪʴ ʚʨʘʱʘʪʝʣʴʥʳʭ ʫʨʦʚʥʝʡ  

ʧʨʠ ʩʨʝʜʥʠʭ ʪʝʤʧʝʨʘʪʫʨʘʭ ʤʝʥʴʰʝ ʪʝʧʣʦʚʦʡ ʵʥʝʨʛʠʠ ʠ ʚʢʣʘʜ ʢʚʘʥʪʦʚʳʭ ʵʬʬʝʢʪʦʚ 

ʚʘʞʝʥ ʪʦʣʴʢʦ ʧʨʠ ʦʯʝʥʴ ʥʠʟʢʠʭ ʪʝʤʧʝʨʘʪʫʨʘʭ.  

 

 

ʉʣʫʯʘʡ 
1

( )U r
r
. ɸʪʦʤ ʚʦʜʦʨʦʜʘ. ɺʦʜʦʨʦʜʦʧʦʜʦʙʥʳʝ ʘʪʦʤʳ ʠ ʠʦʥʳ. 

ɸʪʦʤ ʚʦʜʦʨʦʜʘ ʩʦʦʪʚʝʪʩʪʚʫʝʪ ʜʚʠʞʝʥʠʶ ʵʣʝʢʪʨʦʥʘ ʚ ʧʦʣʝ ʮʝʥʪʨʘʣʴʥʦʡ ʩʠʣʳ, ʛʜʝ 

ʧʦʪʝʥʮʠʘʣʴʥʘʷ ʵʥʝʨʛʠʷ ʧʨʠʪʷʞʝʥʠʷ ʵʣʝʢʪʨʦʥʘ ʢ ʷʜʨʫ ʝʩʪʴ: 

2 2

0

1
( )

4

e e
U x k

r rpe
=- =-
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ɺ ʧʝʨʚʦʤ ʧʨʠʙʣʠʞʝʥʠʠ ʤʳ ʤʦʞʝʤ ʩʯʠʪʘʪʴ ʷʜʨʦ ʩʪʨʦʛʦ ʥʝʧʦʜʚʠʞʥʳʤ, ʭʦʪʷ ʠ ʷʜʨʦ, ʠ 

ʵʣʝʢʪʨʦʥ ʚʨʘʱʘʶʪʩʷ ʚʦʢʨʫʛ ʎʄ. ʆʜʥʘʢʦ ʵʪʦʪ ʬʘʢʪ ʤʦʞʥʦ ʫʯʝʩʪʴ, ʩʯʠʪʘʷ, ʯʪʦ ʤʘʩʩʘ 

ʚʨʘʱʘʶʱʝʛʦʩʷ ʵʣʝʢʪʨʦʥʘ ʨʘʚʥʘ ʧʨʠʚʝʜʝʥʥʦʡ ʤʘʩʩʝ 

e p e p

e

e p p

m m m m
m

m m m
m= º =

+  

ʕʪʫ ʩʠʩʪʝʤʫ ʤʦʞʥʦ ʨʘʩʧʨʦʩʪʨʘʥʠʪʴ ʥʘ ʙʦʣʝʝ ʦʙʱʠʡ ʩʣʫʯʘʡ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ 

ʘʪʦʤʦʚ ï ʘʪʦʤʦʚ ʠ ʠʦʥʦʚ, ʚ ʢʦʪʦʨʳʭ ʵʣʝʢʪʨʦʥ ʜʚʠʞʝʪʩʷ ʧʦ ʚʥʝʰʥʝʡ ʦʨʙʠʪʝ ʚʦʢʨʫʛ 

ʧʦʣʥʦʩʪʴʶ ʟʘʧʦʣʥʝʥʥʦʛʦ ʦʩʪʦʚʘ ʩ ʵʣʝʢʪʨʦʥʥʦʡ ʢʦʥʬʠʛʫʨʘʮʠʝʡ ʠʥʝʨʪʥʦʛʦ ʛʘʟʘ. 

ʆʜʥʘʢʦ ʧʨʠ  ʵʪʦʤ ʤʳ ʜʝʣʘʝʤ ʝʱʝ ʦʥʦ ʜʦʧʫʱʝʥʠʝ ï ʩʯʠʪʘʝʤ ʵʣʝʢʪʨʦʥ ʠ ʦʩʪʦʚ 

ʥʝʚʟʘʠʤʦʜʝʡʩʪʚʫʶʱʠʤʠ. ʉʪʨʦʛʦ ʛʦʚʦʨʷ, ʵʪʦ ʥʝ ʪʘʢ, ʦʜʥʘʢʦ ʪʦʯʥʦʩʪʴ ʧʨʠʙʣʠʞʝʥʠʷ 

ʜʦʩʪʘʪʦʯʥʦ ʚʳʩʦʢʘʷ.  

ʇʨʠʤʝʨʳ:  

1. ʘʪʦʤʳ ʱʝʣʦʯʥʳʭ ʤʝʪʘʣʣʦʚ  

2. ʠʦʥʳ, ʣʶʙʳʭ ʵʣʝʤʝʥʪʦʚ, ʫ ʢʦʪʦʨʳʭ ʥʘ ʚʥʝʰʥʝʡ ʦʨʙʠʪʝ ʦʜʠʥ ʵʣʝʢʪʨʦʥ. 

3. ʊ.ʥ. ʨʠʜʙʝʨʛʦʚʩʢʠʝ ʘʪʦʤʳ, ʪ.ʝ. ʚʳʩʦʢʦʚʦʟʙʫʞʜʝʥʥʳʝ ʘʪʦʤʳ, ʫ ʢʦʪʦʨʳʭ 

ʚʥʝʰʥʠʡ ʵʣʝʢʪʨʦʥ ʫʜʘʣʠʣʩʷ ʥʘ ʦʯʝʥʴ ʚʳʩʦʢʫʶ ʦʨʙʠʪʫ ʠ çʥʝ ʯʫʚʩʪʚʫʝʪè 

ʵʣʝʢʪʨʦʥʦʚ ʦʩʪʦʚʘ. 

ɼʣʷ ʚʦʜʦʨʦʜʘ ʠ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ ʘʪʦʤʦʚ ʠ ʠʦʥʦʚ ʩ ʟʘʨʷʜʦʤ +Z ʧʦʪʝʥʮʠʘʣʴʥʘʷ 

ʵʥʝʨʛʠʷ ʝʩʪʴ: 

2 2

0

1
( )

4

Ze Ze
U x k

r rpe
=- =-

 

ɺ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʣʘʧʣʘʩʠʘʥ: 

2 2 2

,2 2

1 1
r

r r r r
q j

µ µå õ
Ð = + Ðæ ö

µ µç ÷  

ʉʋʐ: 

2
2 2

,2 2 2

1 1 2
0

Ze
r E k

r r r r r
q j

må õµ µYå õ
+ Ð Y+ + Y=æ öæ ö
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ʇʨʝʜʧʦʣʦʞʠʤ, ʯʪʦ ʚ ʩʬʝʨʠʯʝʩʢʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʧʝʨʝʤʝʥʥʳʝ ʨʘʟʜʝʣʷʶʪʩʷ ʠ ɺʌ ʝʩʪʴ: 

( , , ) ( ) ( , )lmr R r Yq j q jY =  

ʋʤʥʦʞʠʤ ʉʋʐ  ʥʘ 
2

lm

r

RY
. ʊʦʛʜʘ ʚ ʫʨʘʚʥʝʥʠʠ ʚʳʜʝʣʷʶʪʩʷ ʜʚʝ ʯʘʩʪʠ, ʦʜʥʘ ʠʟ ʢʦʪʦʨʳʭ 

ʟʘʚʠʩʠʪ ʪʦʣʴʢʦ ʦʪ r, ʘ ʚʪʦʨʘʷ ʦʪ ʪʝʪʘ, ʬʠ:  

( )2 2 2

,2 2

1 1 2 1
lm

lm

R
Er kZe r Y

R r r r Y
q j

mµ µå õ
+ + =- Ðæ ö

µ µç ÷
 

ʆʙʝ ʯʘʩʪʠ ʟʘʚʠʩʷʪ ʦʪ ʨʘʟʥʳʭ ʥʝʟʘʚʠʩʠʤʳʭ ʧʝʨʝʤʝʥʥʳʭ ʠ ʜʦʣʞʥʳ ʚʩʝʛʜʘ ʙʳʪʴ ʨʘʚʥʳ 

ʜʨʫʛ ʜʨʫʛʫ. ʉʣʝʜʦʚʘʪʝʣʴʥʦ, ʦʥʠ ʨʘʚʥʳ ʢʘʢʦʤʫ-ʪʦ ʧʦʩʪʦʷʥʥʦʤʫ ʯʠʩʣʫ: 

( )2 2

2 2

1 1 2R
Er kZe r C

R r r r

mµ µå õ
+ + =æ ö

µ µç ÷
 

2

,

1
lm

lm

Y C
Y

q j- Ð = 

ɺʪʦʨʦʝ ʫʨʘʚʥʝʥʠʝ ï ʵʪʦ ʫʨʘʚʥʝʥʠʝ ʞʝʩʪʢʦʛʦ ʨʦʪʘʪʦʨʘ (ʠʣʠ, ʯʪʦ ʪʦ ʞʝ ʩʘʤʦʝ, 

ʫʨʘʚʥʝʥʠʝ ʥʘ ʉɿ ʦʧʝʨʘʪʦʨʘ ʢʚʘʜʨʘʪʘ ʤʦʤʝʥʪʘ ʠʤʧʫʣʴʩʘ (17).  

ʊ.ʝ.  ( 1)C l l= + 

ʇʦʜʩʪʘʚʠʚ ʉ ʚ ʨʘʜʠʘʣʴʥʦʝ ʫʨʘʚʥʝʥʠʝ, ʧʦʣʫʯʘʝʤ: 

 
2 2 2
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2 2

2 ( 1)
0
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R r Ze l l
r E k R

r r r r
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m

å õµ µ +å õ
+ + - =æ öæ ö
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ʕʪʦ ʫʨʘʚʥʝʥʠʝ ʧʨʠʚʦʜʠʪʩʷ ʢ ʪ.ʥ. ʜʠʬʬʝʨʝʥʮʠʘʣʴʥʦʤʫ ʫʨʘʚʥʝʥʠʶ ʃʘʛʝʨʨʘ, ʠ ʝʛʦ 

ʨʝʰʝʥʠʝ ʝʩʪʴ: 
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2 1 /2
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na n n

Z
r a

na k e e
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=    = =

  (ʥʦʨʤʠʨʦʚʢʘ ʧʨʦʚʝʨʝʥʘ)

 

ɿʜʝʩʴ ( )m

nL q  - ʪ.ʥ. ʦʙʦʙʱʝʥʥʳʡ ʧʦʣʠʥʦʤ ʃʘʛʝʨʨʘ: 

( )( )
!

m x n
m x n m

n n

x e d
L x e x

n dx

-
- +=      (ʩʦʚʧʘʜʘʝʪ ʩ Mathematica) 
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0

0

0 1

1 1

0 2 1 2 2 2

2 2 2

1

1 , 2

1 2 / 2, 3 3 / 2, 6 4 / 2

...

L

L x L x

L x x L x x L x x

=

= -    = -

= - +       = - +       = - +
 

 

ʅʘʪʫʨʘʣʴʥʳʝ ʯʠʩʣʘ 1,2,3...n l= > ʥʘʟʳʚʘʶʪʩʷ ʛʣʘʚʥʳʤ ʢʚʘʥʪʦʚʳʤ ʯʠʩʣʦʤ. 

 

ʊʘʢʠʤ ʦʙʨʘʟʦʤ, ʦʙʱʝʝ ʨʝʰʝʥʠʝ ʫʨʘʚʥʝʥʠʷ ʜʣʷ ʘʪʦʤʘ ʚʦʜʦʨʦʜʘ ʠ ʚʦʜʦʨʦʜʦʧʦʜʦʙʥʳʭ 

ʘʪʦʤʦʚ ʝʩʪʴ ʧʨʦʠʟʚʝʜʝʥʠʝ ʨʘʜʠʘʣʴʥʦʡ ʯʘʩʪʠ ɺʌ ʥʘ ʩʬʝʨʠʯʝʩʢʫʶ ʛʘʨʤʦʥʠʢʫ: 

( , , ) ( ) ( , )
m

nl lr R r Yq j q jY = , ʧʨʠʯʝʤ 

1,2...

0,1,2... 1

, 1...0... 1,

n

l n

m l l l l

=

= -

=- - + -

 

 

ʋʨʦʚʥʠ ʵʥʝʨʛʠʠ, ʩʦʦʪʚʝʪʩʪʚʫʶʱʠʝ ʵʪʠʤ ʬʫʥʢʮʠʷʤ, ʤʦʞʥʦ ʥʘʡʪʠ ʧʦ ʬʦʨʤʫʣʝ ʜʣʷ 

ʥʘʙʣʶʜʘʝʤʳʭ ʟʥʘʯʝʥʠʡ ʦʧʝʨʘʪʦʨʘ ʧʦʣʥʦʡ ʵʥʝʨʛʠʠ 

* Ĕ
nlm nlm nlm

dV

E H dV= Y Yñ  

ʆʢʘʟʳʚʘʝʪʩʷ, ʯʪʦ ʵʪʠ ʚʝʣʠʯʠʥʳ ʟʘʚʠʩʷʪ ʪʦʣʴʢʦ ʦʪ n (ʦʜʠʥʘʢʦʚʳ ʜʣʷ ʚʩʝʭ l, m): 

4 2
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ʈʠʩʫʥʦʢ ï ʵʥʝʨʛʝʪʠʯʝʩʢʠʝ ʫʨʦʚʥʠ ʘʪʦʤʘ ʚʦʜʦʨʦʜʘ
 

ʇʨʠʤʝʯʘʥʠʷ:

 

1. ʕʪʦ ʚʳʨʘʞʝʥʠʝ ʩʦʚʧʘʜʘʝʪ ʩ ʵʢʩʧʝʨʠʤʝʥʪʘʣʴʥʦʡ ʟʘʚʠʩʠʤʦʩʪʴʶ (ʬʦʨʤʫʣʦʡ 

ʈʠʜʙʝʨʛʘ) ʠ ʬʦʨʤʫʣʦʡ ɹʦʨʘ. ʊ.ʝ. ʂʄ ʦʙʲʷʩʥʠʣʘ ʩʚʦʡʩʪʚʘ ʘʪʦʤʥʳʭ ʩʧʝʢʪʨʦʚ 

(ʜʠʩʢʨʝʪʥʦʩʪʴ, ʣʠʥʝʡʯʘʪʦʩʪʴ) ʥʘ ʦʩʥʦʚʝ ʧʦʩʪʫʣʘʪʘ ʦ ɺʌ ʠ ʋʐ. 
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2. ʕʥʝʨʛʠʠ ʟʘʚʠʩʷʪ ʪʦʣʴʢʦ ʦʪ ʛʣʘʚʥʦʛʦ ʢʚʘʥʪʦʚʦʛʦ ʯʠʩʣʘ. ɺ ʤʥʦʛʦʵʣʝʢʪʨʦʥʥʳʭ 

ʘʪʦʤʘʭ ʵʪʦ ʚʳʨʦʞʜʝʥʠʝ ʩʥʠʤʘʝʪʩʷ ʟʘ ʩʯʝʪ ʩʣʘʙʦʛʦ ʚʟʘʠʤʦʜʝʡʩʪʚʠʷ ʩ 

ʚʥʫʪʨʝʥʥʠʤʠ ʵʣʝʢʪʨʦʥʘʤʠ ʠ ʵʥʝʨʛʠʠ ʫʨʦʚʥʝʡ ʥʘʯʠʥʘʶʪ ʟʘʚʠʩʝʪʴ ʦʪ l. 

3. ʋʨʦʚʥʠ ʵʥʝʨʛʠʠ ʚʳʨʦʞʜʝʥʳ, ʪ.ʝ. ʢʘʞʜʦʤʫ ʟʥʘʯʝʥʠʶ n ʩʦʦʪʚʝʪʩʪʚʫʝʪ 

ʥʝʩʢʦʣʴʢʦ ʟʥʘʯʝʥʠʡ ʩ ʨʘʟʥʳʤʠ l ʠ m, ʢʨʘʪʥʦʩʪʴ ʚʳʨʦʞʜʝʥʠʷ n
2
. ʅʘʧʨʠʤʝʨ, 

ʫʨʦʚʝʥʴ n=1 ʠʤʝʝʪ ʪʦʣʴʢʦ 1 ʚʦʟʤʦʞʥʦʝ ʩʦʩʪʦʷʥʠʝ. 

4. ʋʨʦʚʥʠ ʵʥʝʨʛʠʠ, ʦʪʚʝʯʘʶʱʠʝ ʨʘʟʥʳʤ l, ʧʨʠʥʷʪʦ ʦʙʦʟʥʘʯʘʪʴ ʙʫʢʚʘʤʠ: 

l 0 1 2 3 4 5 é 

ʦʙʦʟʥʘʯʝʥʠʝ s p d f g H é 

 

5. ʇʝʨʝʭʦʜʳ ʵʣʝʢʪʨʦʥʦʚ ʧʨʠ ʚʦʟʙʫʞʜʝʥʠʠ ʘʪʦʤʘ ʠʣʠ ʠʟʣʫʯʝʥʠʠ ʚʦʟʤʦʞʥʳ ʪʦʣʴʢʦ 

ʤʝʞʜʫ ʫʨʦʚʥʷʤʠ, ʫ ʢʦʪʦʨʳʭ l ʦʪʣʠʯʘʝʪʩʷ ʥʘ ʝʜʠʥʠʮʫ: 

1lD =°,  
ʪ.ʝ.  

...

s p

p d

d f
 

(ʄʝʞʜʫ ʣʶʙʳʤʠ n ʠ m.) 

ʕʪʦ ʧʨʘʚʠʣʦ ï ʧʨʠʤʝʨ ʪ.ʥ. ʧʨʘʚʠʣʘ ʦʪʙʦʨʘ. ɼʣʷ ʢʘʞʜʦʡ ʂʄ-ʩʠʩʪʝʤ r ʦʥʠ 

ʨʘʟʥʳʝ ʠ ʦʙʲʷʩʥʷʶʪʩʷ ʩʠʤʤʝʪʨʠʝʡ ʩʠʩʪʝʤʳ.  

 

ɸʪʦʤʥʳʝ ʦʨʙʠʪʘʣʠ 

 

ʌʫʥʢʮʠʠ ,      

ʥʘʟʳʚʘʶʪʩʷ ʘʪʦʤʥʳʤʠ ʦʨʙʠʪʘʣʷʤʠ (ɸʆ). 

 

ɸʆ ʩʦʩʪʦʷʪ ʠʟ ʜʚʫʭ ʯʘʩʪʝʡ ï ʨʘʜʠʘʣʴʥʦʡ ʠ ʩʬʝʨʠʯʝʩʢʦʡ.  

 

ʉʬʝʨʠʯʝʩʢʘʷ ʯʘʩʪʴ ɸʆ 

ʇʦʩʢʦʣʴʢʫ ʩʬʝʨʠʯʝʩʢʘʷ ʯʘʩʪʴ ɸʆ ï ʢʦʤʧʣʝʢʩʥʘʷ ʬʫʥʢʮʠʷ (ʩʬʝʨʠʯʝʩʢʘʷ 

ʛʘʨʤʦʥʠʢʘ), ʠʟʦʙʨʘʟʠʪʴ ʠʭ ʚ ʘʪʦʤʝ ʩʣʦʞʥʦ.  

ʇʦ ʦʧʨʝʜʝʣʝʥʠʶ ɺʌ, ʚʝʨʦʷʪʥʦʩʪʴ ʥʘʭʦʞʜʝʥʠʷ ʵʣʝʢʪʨʦʥʘ ʚ ʵʣʝʤʝʥʪʝ ʦʙʲʝʤʘ dV: 
*( , ) ( , ) ( , )

lm lmlmdP Y Y dVq j q j q j=  

 

( , , ) ( ) ( , )
m

nl lr R r Yq j q jY =

1,2...

0,1,2... 1

, 1...0... 1,

n

l n

m l l l l

=

= -

=- - + -
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ʊ.ʝ. ʚʝʣʠʯʠʥʘ ʫʛʣʦʚʦʡ ʧʣʦʪʥʦʩʪʠ ʚʝʨʦʷʪʥʦʩʪʠ ʨʘʩʧʨʝʜʝʣʝʥʠʷ ʵʣʝʢʪʨʦʥʘ ʚ 

ʘʪʦʤʝ: 

*( , ) ( , ) ( , )lm
lm lm lm

dP
Y Y

dV
s q j q j q j= =  

ʕʪʘ ʚʝʣʠʯʠʥʘ ʚʩʝʛʜʘ ʜʝʡʩʪʚʠʪʝʣʴʥʘʷ. ɽʝ ʫʜʦʙʥʦ ʠʟʦʙʨʘʞʘʪʴ ʚ ʚʠʜʝ ʧʦʣʷʨʥʦʡ 

ʜʠʘʛʨʘʤʤʳ, ʪ.ʝ. ʧʦʚʝʨʭʥʦʩʪʠ, ʢʦʪʦʨʫʶ ʦʧʠʩʳʚʘʝʪ ʚʝʢʪʦʨ, ʜʣʠʥʘ ʢʦʪʦʨʦʛʦ ʨʘʚʥʘ 

( , )lms q j, ʘ ʥʘʧʨʘʚʣʝʥʠʝ ʦʧʨʝʜʝʣʷʝʪʩʷ ʫʛʣʘʤʠ( , )q j. 

 

00s      
10s     

11s ,  
1 1s-  

 

ʂʦʤʧʣʝʢʩʥʳʝ ɺʌ ʥʝʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ʧʨʠ ʨʘʩʯʝʪʘʭ ʥʘ ʢʦʤʧʴʶʪʝʨʝ 

(ʧʨʦʠʟʚʦʜʠʪʝʣʴʥʦʩʪʴ ʧʝʨʝʤʥʦʞʝʥʠʷ ʢʦʤʧʣʝʢʩʥʳʭ ʯʠʩʝʣ ʦʯʝʥʴ ʥʠʟʢʘʷ), ʠʭ 

ʥʝʫʜʦʙʥʦ ʠʟʦʙʨʘʞʘʪʴ ʛʨʘʬʠʯʝʩʢʠ. ɹʦʣʝʝ ʫʜʦʙʥʦ ʠʩʧʦʣʴʟʦʚʘʪʴ ɺʌ, ʫ ʢʦʪʦʨʳʭ 

ʩʬʝʨʠʯʝʩʢʘʷ ʯʘʩʪʴ ɸʆ ʧʨʝʜʩʪʘʚʣʝʥʘ ʚ ʚʠʜʝ ʩʫʧʝʨʧʦʟʠʮʠʠ ʜʚʫʭ ʢʦʤʧʦʥʝʥʪ ʩ 

ʦʜʥʠʤ m, ʢʦʪʦʨʘʷ ʷʚʣʷʝʪʩʷ ʜʝʡʩʪʚʠʪʝʣʴʥʦʡ ʬʫʥʢʮʠʝʡ: 
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ʗʚʥʳʝ ʚʳʨʘʞʝʥʠʷ ʵʪʠʭ ʬʫʥʢʮʠʡ: 
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